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0. Introduction 

Weak Hopf algebras have been proposed recently [1, 2, 18] as a generalization of 
Hopf algebras by weakening the compatibility conditions between the algebra and coal- 
gebra structures of Hopf algebras. Comultiplication is allowed to be non-unital, A(l) = 
1*^^) (g) 1^^) 7^ 1 (g) 1, just like in weak quasi Hopf algebras [11] and in rational Hopf alge- 
bras [19, 8], but the comultiplication is coassociative. In exchange for coassociativity, the 
multiplicativity of the counit is replaced by a weaker condition: 6{ab) = £(al'^^))£(l'^^)6), 
implying that the unit representation is not necessarily one-dimensional and irreducible. 
Like weak quasi and rational Hopf algebras, they can possess non-integral (quantum) di- 
mensions even in the finite dimensional and semisimple cases, which is necessary if we 
want to recover them as global symmetries of low- dimensional quantum field theories. In 
situations where only the representation category matters, these two concepts are equiva- 
lent. Nevertheless, just like finite dimensional Hopf algebras, finite dimensional weak Hopf 
algebras (WHA) obey the mathematical beauty of giving rise to a self-dual notion: the 
dual space of a WHA can be canonically endowed with a WHA structure. For a recent 
review, see [12]. 

Here we continue the study [2] of the structural properties of finite dimensional weak 
Hopf algebras over a field k. The main results of this paper are: 

1. The generalization of the Larson-Sweedler theorem [10] to WHAs claiming that a 
finite dimensional weak bialgebra is a weak Hopf algebra if and only if it possesses a 
non-degenerate left integral. 

2. The characterization of inequivalent invertible modules of WHAs through left/right 
grouplike elements in the dual WHA and the proof of the semisimplicity of invertible 
modules, which include the unit module serving as a monoidal unit in the monoidal 
category of left (right) modules. 

3. A finiteness claim about the order of the antipode (up to an inner automorphism by a 
grouplike element in the trivial subalgebra) and the derivation of the Radford formula 
[15] in a weak Hopf algebra A: S'^{a) = a ^ s~^as 5"^ (a), a G A, where S {S) 
is the antipode in A (Aj, and s and cr are distinguished left grouplike elements in A 
and in the dual WHA A^ respectively. 

The existence of a non-degenerate left integral Z e S in a finite dimensional bialgebra 
B implies the existence of a non-degenerate left integral A G -B in the dual bialgebra B 
with the property A ^ / = 1. Then the formula S{a) := {\ ^ a) ^ l,a ^ B gives rise to 
the antipode for B proving one direction of the Larson-Sweedler theorem [10]. The proof of 
the opposite direction [10] involves the structure theorem for Hopf modules, which are one- 
sided iif-modules and iif-comodules of the Hopf algebra H together with a compatibility 
condition. The structure theorem for a finite dimensional Hopf module Mjj claims that 
Mfj ~ C(M) ® Hjj as Hopf modules, where C(M) is the space of coinvariants in Mjj 
and Hjj is the canonical Hopf module. Proving that the dual Hopf algebra H carries a 
Hopf module structure, ~ C{H) ® Hjj follows and observing that by dimensionality 
argument C{H) is one dimensional, a non-degenerate left integral in H emerges in the 
space of coinvariants C{H). 

The proof of the corresponding statement (Theorem 4.1) in the case of finite dimen- 
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sional weak bialgebras is in the same spirit. The existence of a non-degenerate left integral 
in a finite dimensional WBA implies the existence of a non-degenerate left integral in the 
dual WBA and the previous classical formula leads to the antipode. The proof of the oppo- 
site direction is more involved: besides weak Hopf modules one has to introduce multiple 
weak Hopf modules, in which bimodule or bicomodule structures are also present together 
with compatibility conditions between the module and comodulc structures. Then the 
structure theorem (Theorem 3.2) for a multiple weak Hopf mo dule aM^ of a WHA A 
claims that aM^ ~ a{C{M) x A^), i.e., the right weak Hopf module structure of M is 
given by the canonical weak Hopf module A^; while as a left A-module, M is isomorphic 
to the product module of the coinvariants aC{M) and the left regular module a A. The left 
A-module structure of the coinvariants arises from the bimodule structure of M (Lemma 
3.1 iii). In particular, the dual WHA A is a multiple weak Hopf module aA^ and its coin- 
variants C{A) are the left integrals G A (Theorem 3.2). Moreover, becomes a free 
left A^- and A^-module with a single generator by restricting the left A-module structure 
of aI^ to the canonical coideal subalgebras A^ and A^ of A, respectively (Corollary 3.5). 
It is the latter result that replaces the dimensionality argument of the classical Hopf case 
and together with the isomorphism aA^ ~ A{i^ x A^) of multiple weak Hopf modules 
leads to the existence of a non-degenerate left integral in <Z A. 

The modules of a WHA that are invertible with respect to their monoidal product 
are important in low dimensional quantum field theories. Hence, it is worth characterising 
them in purely (weak) Hopf algebraic terms. Although a WHA A is not a semisimple 
algebra in general, its unit and invertible modules are semisimple (Theorem 2.4, resp. 
Prop. 5.4 ii). The origin of this property is that the trivial sub WHA , which is generated 
by the canonical coideal subalgebras A^ and A^ of a WHA A, is in the coradical of A 
(Lemma 2.3). We derive two other equivalent characterizations of invertible modules: they 
are precisely the modules that become free rank one A^- and ^-^-modules by restricting the 
^-module structure to these coideal subalgebras (Prop. 5.4 i). For example, the invertible 
left A-module structure of right integrals <Z A and left integrals C A follows in 
this way. The second equivalent characterization of invertible A-modules involves left or 
right grouplike elements (Def. 5.1) in the dual WHA: an A-module is invertible iff it is 
isomorphic to a cyclic submodule in the second regular ^-module aA generated by a left 
(right) grouplike element in A (Prop. 5.7). Moreover, the isomorphism classes of invertible 
A-modules are given by the (finite) factor group Gl{A)/GJ^{A) (or by G r{A) / G'j!^{A)) 
(Prop. 5.7), where Gj^iA) is the intersection of the (in general infinite) set of left grouplike 
elements Gl{A) and the trivial subWHA A'^ in A. 

If I E A and \ E A are dual left integrals, i.e., if they are non-degenerate and satisfy 
A ^ / = 1, then s := I ^ X and a :— X ^ I will define (distinguished) left grouplike 
elements (Def. 6.1 and discussion before) like in the Hopf case [15]. a falls into a central 
element of the factor group GL{A)/G'j^{A) and determines the unimodularity of A, that 
is the possible existence of a two-sided non-degenerate integral in A (Corollary 6.3). The 
Nakayama automorphism 9\: A ^ A corresponding to a non-degenerate left integral X E A 
can be given in terms of distinguished left grouplike elements in two different ways, which 
contain the square or the inverse square of the antipode. Hence, these expressions lead to 
the generalization of the Radford formula [15] to WHAs (Theorem 6.4). Since the factor 
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groups Gl{A)/G'^{A) and GL{A)/G'f^{A) are finite and since even powers of the antipode 
are WHA automorphisms, the iteration of the Radford formula leads to the claim that 
the order of the antipode is finite up to a conjugation by an element in Gj[{A) fl Gj^iA) 
(Theorem 6.4). The explicit form of the Nakayama automorphism 9x, like in the Hopf case 
[16], can be used to prove the unimodularity of the double of a WHA (Corollary 6.5). 

We note that it was established in [2] that WHAs are quasi-Probenius algebras. Result 
1 implies that they are Frobenius algebras. Grouplike elements in a WHA, which are just 
the intersection of left and right grouplike elements in our formulation, were introduced 
in [2]. The modules associated with them were studied in [13]. However, this notion 
of grouplike elements is too restrictive: for characterization of isomorphism classes of 
invertible modules (Result 2) one has to introduce the less restrictive notion of left (right) 
grouplike elements, because the factor group G{A)/G'^ (A) of grouplike and trivial grouplike 
elements is, in general, smaller than the corresponding factor group GL{A)/G'j^{A) of left 
grouplike elements (Prop 5.8). Result 3 was proved in [13] in the case when the square of 
the antipode is the identity mapping on the coideal subalgebra A^ of the WHA A. 

The organization of the paper is as follows. In Section 1 we review the axioms and the 
main properties of weak bialgebras (WBA) and weak Hopf algebras. Here and throughout 
the paper they are considered to be finite dimensional. Section 2 is devoted to the au- 
tonomous monoidal category of modules of a WHA and to properties of the unit module 
including semisimplicity. We derive also a lower bound for the ^-dimension of an ^-module 
in terms of the ^-dimensions of the simple submodules of the unit ^-module. This esti- 
mation leads to a sufficient condition for an A-module to become a free rank one A^- and 
A^-module. In Section 3 we prove a structure theorem for multiple weak Hopf modules 
and show that the left A-modules spanned by right integrals in A and left integrals in A 
become free rank one A^- and ^-^-modules. Section 4 contains the generalization of the 
Larson-Sweedler theorem to the weak Hopf case. In Section 5 we reveal the connection be- 
tween invertible modules of a WHA A and left (right) grouplike elements in the dual WHA 
A and prove that invertible modules are semisimple. Section 6 contains the definition and 
some basic properties of distinguished left and right grouplike elements, the derivations of 
the form of the Nakayama automorphism 9\:A — > A corresponding to a non-degenerate 
left integral X & A and the Radford formula. In addition, we prove the claim about the 
order of the antipode and unimodularity of the double of a WHA. In Appendix A we give 
a simple example of a WHA in which the order of the antipode is not finite. Finally, 
Appendix B contains the generalization of the cyclic category module [4] to weak Hopf 
algebras containing a modular pair of grouplike elements in involution. 

1. Preliminaries 

Here we give a quick survey of weak bialgebras and weak Hopf algebras [2] . We restrict 
ourselves to their main properties, however, some useful identities we use later on are also 
given. 

1.1 The axioms 

A weak bialgebra {A; u, /x; e, A) is defined by the properties i-iii): 
i) ^ is a finite dimensional associative algebra over a field k with multiplication fx: A<S) 
A ^ A and unit u:k ^ A, which are A;-linear maps. 
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ii) A is a coalgebra over k with comultiplication A:^ — > A® A and counit e: A ^ k, 
which are fc-hnear maps. 

iii) The algebra and coalgebra structures obey the compatibility conditions 

A{ab) = A{a)A{b), a,beA (1.1a) 

e{ab^^^)e{b^^^c) = e{abc) = eiab^^^)e{b^^^c), a,b,ceA {1.1b) 

1« <g, 1(2)1(1') ® 1(2') = 1(1) ^ 1(2) ^ 1(3) = 1(1) (g, l(l')l(2) ^ 1(2')^ (l.lc) 

where (and later on) ab = iJ,{a, b),l := u{l) and we used Sweedler notation [17] for 
iterated coproducts omitting summation indices and a summation symbol. 
A weak Hopf algebra [A; u, fi; £, A; 5") is a WBA together with property iv): 

iv) There exists a /c-linear map S: A ^ A, called the antipode, satisfying 

a(i)5(a(2))=£(l(i)a)l(2), (1.2a) 
S'(a(i))a(2) = l(i)e(al(2)), a e A. {1.2b) 
5(a(i))a(2)5(a(3)) = S{a), (1.2c) 

WBAs and WHAs are self-dual notions, the dual space A :— }iomi^{A, k) of a WBA 
(WHA) equipped with structure maps ii, fi, i, A, {S) defined by transposing the structure 
maps of A by means of the canonical pairing ( , ): Ax A ^ k gives rise to a WBA (WHA) . 

1.2 Properties of WBAs 

Let ^ be a WBA. The images A^/^ = U^/^{A) = U^/^{A) of the projections 
Y^L/R. ^ ^ ^ and U^/^: A^ A defined by 

n^(a) := £(l(i)a)l(2), n«(a) := 1^'^ e{al^^^), 

n^{a) := £(al(^))l(2), n^(a) := l('h{l^'^a), ^ ^ ^^'^^ 

are unital subalgebras (i.e. containing 1) of A that commute with each other. A^ and A^ 
are called left and right subalgebras, respectively. The image A(l) of the unit is in A^<S)A^ 
and the coproduct on A^^^ reads as: 

A(x^) = l(^)a:^(8)l(2), x^eA^, A{x^) = 1^^^ ^ x^l^^\ x^ E A^. (1.4) 

Hence, and A^ arc left and right coideals, respectively, and the trivial subalgebra 
:— A^ V A^ C A generated by the coideal subalgebras A^ and A^ is a sub WBA of A. 
The maps Kl: A^ — > A^ and Kh: A^ A^ given by Sweedler arrows 

kl{x^) := x^ ^ i, kr{x^) := i ^ x^, x^'^ e A^l^ (1.5) 

are algebra isomorphisms with inverses and kj^, respectively. Moreover, 

.^^<, = (.--.iv, >,^.^ = (i^.-v. 

x^ ^ ^ = ^{x^ ^\), (p ^ X^ = ip{l ^ x^), 
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Defining Z^/^ := ^^/^n Center A and Z := A^r\A^ the restrictions of Kljh to Z^/^ and 

Z lead to the algebra isomorphisms Z^l^ Z and Z — > Z^/^, respectively. Hence, the 
hypercenter H :— Z H Center A = Z^ H Z ~ Z^ fl Z of ^ is isomorphic to the hypercenter 
H of A via the restriction of or kf> to H. 

The restrictions of the canonical pairing to A^^^ x A^^^ (four possibilities) are non- 

degenerate. The maps and 11''"/'^ (11''"/'^ and fl ) are transposed to each other 

((^,n^/») = (n^/»,a), 

.RIL aeA^'eA (1-7) 

(^,n^/«(a)) = (n (^),a), 

(note the switch of L and i? in the second equation) and obey the identities 
n^(aW) a(2) = 1(1) al(2), n«(a(i)) ® a^^) = l^^) ® l(2)a, 

due to (1.1c). The space of left/right integrals I^/^ in A is defined by 

:^{leA\al = U^{a)l,aeA}, :^ {r e A\ra = rU^{a),a e A}. (1.9) 

1.3 Properties of WHAs 

Let A be a WHA. The antipode as in the case of Hopf algebras, turns out to be 
invertible, antimultiplicative, anticomultiplicative and leaves the counit invariant: e — soS. 
The restriction of the antipode to A^ leads to algebra antiisomorphism S:A^ — > A^, 
therefore is a sub WHA of A, moreover, 

H^o5 = H^oH^ = 5oH^, H^o5 = H^oH^ = 5oH^. (1.10) 

The projections (1.3) to left and right subalgebras can be expressed as 

H^(a) = aW5(a(^)), H«(a) = 5(aW)a(^), 

U^{a) = S-\U^{a)), n^{a) = S-\U^{a)), 

The first two equations follow from the antipode axioms (1.2a and b). The other two 
can be seen using the aforementioned properties of the antipode and the WBA identity 
e{ahc) = e{ll^{a)hll^ (yc)) following from (1.1b) and (1.3). The left and right subalgebras 
become separable A;-algebras with separating idempotents [14, p. 182] = 5(1(1)) ^ -^{2) ^ 
A^ ® A^ and = l^^) (g) ^(l^^)) e A^ <^ A^, respectively, that obey 

X^5(l«) 1(2) = 5(1(1)) ^ -^(2)^L ^ 

(1 12) 

a;«l(i)® 5(1(2)) = 1(1) ®5(l(2))a;«, ^ ^' ' 
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by definition. The product q^q^ e ® is a separating idempotent for A^ , thus the 
trivial subalgebra is a separable fc-algebra, too. The separating idempotent q^^^ serves as 
a quasibasis [20, p. 6] for the counit: 

thus the counit is a non-degenerate functional on A^/^. The properties 5'(l*^^-*)l''^'' = 1 and 
= 1 of separating idempotents qL and qp ensure that the counit e is an index 1 
functional [20, p. 7] on A^ and on A^, respectively. Due to the identities (1.5), (1.7), (1.10) 
and (1.12) the corresponding Nakayama automorphisms Ol/r-.A^/^ A^l^^ which are 
defined by 

e{y^l^OLiR{x^l^)) := £(x^/^2/^/^), x^l^, y^'^ G A^l^, (1.14) 
can be given as 

Qj^{x^) = 1 ^ S-^{\ ^ x^) = S^{x^), x^ e A^, 
enix^) ^S{i^x^) ^l^S-^{x^), x^eA^. 



(1.15) 



Hence, 9^ {dji) is the restriction of the square of the (inverse of the) antipode to A^ 
(A^). Since any separable algebra admits a non-degenerate (reduced) trace [6, p. 165], 
the counit, being a non- degenerate functional on A^/^, can be given with the help of the 
corresponding trace as e{-) = ti: l / nit l / R-) with tL/R e A^/^ invertible. Therefore, the 
Nakayama automorphisms ^l/a ^ire given by adtL/n and S'^ is inner on A^/^, hence, on 
A'^, too. 

In a WHA a left integral I e and a right integral r e obey the identities 

ZW®aZ(2) = 5(a)ZW®Z(2), 

ae A, (1-16) 

respectively. Moreover, there exist projections L/R:A^ J^/R and L/R:A — > 1^/^: 

L{a) := - (6,a), i?(a) := (ab,) - S^^, 

ae A (1-17) 

L{a) := {bia) - ^-^(A), R{a) := S-\(3i) - {ab^), 

where {bi} C A and {/J^} C A are dual A;-bases with respect to the canonical pairing. They 
obey the properties 

{L/R{y,),a) = {y,,R/L{a)), 

^ ^ _ _ aeA,(feA, (1-18) 

{L/R{if),a)^{<p,L/R{a)), 

therefore the restrictions of the canonical pairing to I^/^ x 1^/^ (four possibilities) are 
non-degenerate. 



2. Properties of the unit module 



In this chapter A denotes a WHA over a field k. 

A left (right) A-module aM = {M^jii) {Ma = {M^jin)) is a A;-hnear space together 
with the A;-hnear map /il: A<Si M ^ M [jin: M ® A^ M) satisfying 

a ■ (h ■ m) = {ah) ■ m, {m ■ a) - h = m ■ {ab), 

m e M,a,b e A, 

1 ■ m — m, m ■ 1 — m, 

where (and later on) iJLL{a ® m) = a ■ m and iJ,R{m ® a) = m • a. The role of the unit 
module will be played by the trivial representation [2, p. 400] of A: 
Definition 2.1 The unit left (right) A-module aA^ (^a) dehned by 

a-x^ := U^{ax^) = a'^^^x^ S{a^'^'^), eA^,aeA 

• a := n^(A) = 5(a(i)) e a e A. ^^'^^ 



We note that these modules need not be one- dimensional as in the case of Hopf 
algebras, they are not even simple in general. Nevertheless, they play the role of the unit 
object in the monoidal category of finite dimensional left (right) ^-modules. We deal with 
only the category of left A-modules since the one-to-one correspondence between left and 
right A-modules induced by the antipode, m ■ a :— S{a) ■ m, a & A,m & aM, extends to a 
categorical isomorphism. 

Proposition 2.2 The category L consisting of finite dimensional left A-modules of a WHA 
A as objects and left A-module maps as arrows can be endowed with an autonomous 

(relaxed) monoidal structure: {C; aA^,{1kxMxn}-,{X^},{X^}; , ), where x is 
the monoidal product, a^^ is the monoidal unit, {1kxMxn},{Xm}j{-^m} natural 

equivalences satisfying the pentagon and the triangle identities, while and are the 

functors of left and right conjugations, respectively 

Proof. Let us define first the monoidal product: x. The product module a{M x N) of the 
modules aM and ^A'' as a /c-linear space is defined to be 

Mx A:=l^^)-M(8)1^2)-A (2.2a) 



and the left yl-module structure on M x A is given by 

a • (m (g) n) := a<^^^ • m a^^^ • n, aeA, m^neMxN, (2.26) 

where (and later on) we have suppressed possible or necessary summation for tensor prod- 
uct elements in product modules. The product on the arrows Tq,:Mq, — * N^^ol = 1,2 is 
defined by Ti x T2 := (Ti ® T2) o A(l), i.e. by the restriction of the tensor product of the 
linear maps Ti and T2 to Mi x M2 ■ One can easily check that Ti x T2 : Mi x M2 NiX N2 is 
a left ^-module map. The given monoidal product is associative due to the associativity of 
the coproduct and property (1.1c) of the unit, hence the components Mi x (M2 x M3) — > 
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(Ml X M2) X M3 of the natural equivalence responsible for associativity in a monoidal 
category are the identity mappings iMixAfaxM., in our case. 

The monoidal unit property of the left A-module can be seen by verifying that 
for any object M the /c-hnear invertible maps X^: M ^ A^ x M and X^: M ^ M x A^ 
defined by 

Xi^(m):=5(lW)®l(2).m, X^(m):=lW-m®l(2), 

{X^)-\x^ ® m) := ■ m, {X^)-\m ® x^) := S'^x^) ■ m, 

are left A-module maps and the identities 



X^T = {Ial X T)Xf 



X^T={TxlAL)Xf 



M,N e Obj C, T:M ^ N, (2.4) 



{^M ^ lAf)(lM X {X^)~^) = ImxA^xN (2-5) 

hold, i.e. X^ = {Xj^} and X^ = {X^} are natural equivalences satisfying the triangle 
identity. 

An autonomous category [21] contains both left and right conjugation functors by 

definition. The left conjugate M of an object M in £ is given by the /c-dual M := 

Homfc(M, k) as a /c-linear space. The left A-module structure M = (M, /j, j^) is defined to 
be 

{a-m,m) := {m,S{a) -m), a e A,m e M,m e M, (2.6) 

where ( , ) is the A;-valued canonical bilinear paring on the cartesian product of M and M. 
Dual bases with respect to this pairing will be denoted by {rhiji C M and {mi}i C M. 

Due to the definition (2.6) of the left ^-module M we have 

rui <S> a ■ TTii = S{a) ■ rrii ® rhi, a & A (2.7a) 

mi ® rhi = \ ■ rrii ® rhi = l^"'"-'/S'(l^^^) • (8) mj 

= l(^) • rui ® • mi e M X M, (2.76) 

where (and later on) we omit summation symbol for the sum of tensor product of dual 
basis elements. ^ 

The arrow family of left evaluation and coevaluation maps E^j^: M x M ^ A^ and 

C]^^: A'-' — > M X M, respectively, are defined to be 

-Em(to m) := l^^^(m, 1^^) • m), m®meMxM 



(2.8) 



They are left A-module maps 

E^M^a ■ (m ® m)) = l^^) (a^^) ■ m, l^^^a^^) . _ -^{2) S{a^^^)l^^^ a^^^ ■ m) 
= n^(a(3))(m,5(a(^))a(2) . m) = Ii^{a^''^){m,Il^{a^^^) ■ m) 
= n^(al(2))(m, 1^^^ • m) = a ■ E''j^{m ® m), (2.9) 
C]v^(a • a;^) = a(^^a;^5'(a(^^) • O = a^^^a;^ • (g) a^^^ • rfij 



9 



due to the identities (1.8) and (2.7a) and they satisfy the left rigidity identities [21] 

{X^r\lM X E'^){Ci, X lM)XUm) ■■= S-\1^^'^)S{1^'^) ■ m,(m„ l^^'^l^^) . m) 

= S-\l^^'^)S{l^^^)l^^'h^^^ ■m^m, meM, (2.10a) 
{XLr\E'M X 1^)(1^ X Ci^)X^(m) := (l^^) • m, l^^'^l^^) . ^.^^^(2') . ^. 

M MM M 

^ l(2')^-i(l(i')l(2))i(i) .^^^^ meM (2.106) 
for any M e Obj C. Thus defining the left conjugated arrow T : N ^ M oi T: M ^ N hy 
T := {XD~^{E^N X X T X 1^)(1^ x &m)X?_ (2.11) 

M M N M N N 

one arrives at the antimonoidal contravariant left conjugation functor : £ — > £ [21]. 

Similarly, the right conjugate M of an object M in £ is the A;-linear space M equipped 
with the left ^-module structure M = (M, ^u^) 

{a-rh,m) := {rh,S~^{a) -m), a e A,m e M,rh e M (2.12) 

implying 

rhi <S> a ■ rrii = S{a) • rhi <S> rrii, a E A (2.13a) 
rhi ® rrii = \ ■ rhi ® rrii = l*^^''5'(l'-^-') ■ rhi®mi 

= l(^) • rhi ® 1^^^ -mieMxM. (2.136) 

The arrow family of right evaluation and coevaluation maps E^^: M x M ^ and 
Cj^: A^ — > M X M, respectively, are defined to be 



E'lj{m®rh) := .rh,m), m^rh e M x M, 

Cm{x^) := ■ rhi® "7,^, e A^ . 



(2.14) 



As in the previous case, one proves that they are left yl-module maps satisfying the right 
rigidity identities [21] 



(2.15) 



(^m) ^(-^m X 1m)(1m X C]^)X^ — 1m, 
(X^)-i(L. X El,){Cl, X L.)XA = L.. 

MM M M M 

Hence, defining the right conjugated arrow T : N ^ M oi T: M ^ N hj 

T := (^^)-'(l- X E^^){1^ xTx L.)(C]^ x 1^)X^ (2.16) 

M M M N N N 
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one arrives at the antimonoidal contravariant right conjugation functor 

In order to prove semisimphcity of the unit module, we show that the trivial subWHA 
is not only semisimple but also cosemisimple: 

Lemma 2.3 The trivial weak Hopf subalgebra <Z A is a sum of simple subcoalgebras, 
i.e. A^ is contained in the coradical Co of A. 

Proof. First we decompose the WHA into a direct sum of subWHAs. 

The intersection Z := A^ D A^ is in the center of the separable algebra because 
the unital coideal subalgebras A^ and A^ that generate A"^ commute with each other. The 
WHA identity (1.10) implies z — S{z) for all z E Z. Hence, Z is a unital, pointwise S- 
invariant subalgebra of the A;-algebra Center A'^ and one can write A'^ as a tensor product 
algebra A'^ ~ A^ ®z A^. Let {2;a}a be the set of primitive orthogonal idcmpotents in 
Z. They are central idempotents in \ thus, = ©q,A^, :— A^ z^ is an ideal 
decomposition of the algebra A^ . It is also a WHA decomposition: first, S{A^) = A^ 
since Z is pointwise ^-invariant, and second, A(A^) C A^ ® A'^, because 

A(xZa) = A(xZaZa) = A{x){Za<^l){l<^ Za) = A{x)(Za^ Za), X & A'^ , (2.17) 

due to Zct G A^ n A^ and due to coproduct property (1.4) of elements in A^ and in A^. 

This WHA decomposition implies that {A^)^ = A^ with X ^ L,R,T and that the 
WHA A'^ has the tensor product algebra structure A'^ ~ A^ with unit Iq, = Za- 

The algebra Z^ := Zza = A^ fl A^ is an Abelian division algebra over the ground field 
k, that is Za is a subfield in the center of the separable algebra A'^, hence Z^ is a finite 
separable field extension of k [14, p. 191]. 

Now we prove that AJ, the dual of the WHA A^, is isomorphic to the simple /c-algebra 
Mn^{Zct), where ?1q, = dim^^ A^, i.e. A]^ is simple as a /c-coalgebra. We stress that the 

inclusion {A'^)'^ C is proper in general. Therefore, simplicity of as an algebra is 
a 'non-trivial' property in the sense that it goes for a WHA which is not trivial, i.e., not 
generated by the canonical coideal subalgebras (^q)^ and {A'^)^. 

Consider the cyclic left ^J-module (^^)^ = A^ with the Sweedler action (p ■ x^ := 
(p x^;(p e A'^,x^ e A^. It is just the trivial representation [2, p.401] of the WHA 
A'^; hence, its endomorphism ring End^A^ is given by Z^ — ^ [2, p. 402], where Z^ := 

Center A J fl {A'^)^. However, the maps in Z^ are just multiplications by elements of 
Zq, due to the statements after (1.6), i.e., End-^^^ = Zq,- In addition, A^ is a faithful 

module in this case, because (p — ^ A^ = implies cp = due to 



= e((<^ - A^)A^) = e(l«^^)(<^,^^i^^) = {p^,A^U\A^)) = {p^,A^A^) 



(2.18) 



where we used (1.4) and (1.3). Hence, is isomorphic to the unital subalgebra 0(AJ) := 
A'^ of Endfc^Q. Therefore, the relations A'^ ~ 0(^a) ^ BiEnd— = End^^^Q ^ 
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Mn^{Za) together with the equahty 

dirrifcij = diuikAl = dimfe(A^ ®z„ A^) = {dimz^A^fdimkZ^ 
= nldimkZa = dimfcMn^ (Zq,) 

concerning the /c-dimensions imply the /c-algebra isomorphism A J ~ Mn^{Zct)- ■ 
Theorem 2.4 The unit left A-module aA^ is the direct sum of simple submodules 

aA^ = 0aA^, Ai:=A^z^, (2.20) 
p 

where {Zp}p is the set of primitive orthogonal idempotents in Z^ := A^ fl Center A. 

Proof. Let N be the radical of A. Since TV is an ideal in A, we have N ■ A^ := U^{NA^) C 
n^(A^). Due to the identity N = (Cq)^ := {a E A \ {Cq, a) = 0} [17, p.l83], where Cq is the 
coradical of the dual weak Hopf algebra A, the previous Lemma leads to the containment 
N = (Cq)-^ C (A^)^ C {A^)^i. Hence, using (1.7) the canonical pairing gives rise to 

(i, n^(iv)) = (n^(i), N) = {A^, N) = 0, (2.21) 

i.e. H^(A^) = 0. Therefore, the radical of A is in the annihilator ideal of the left module 
aA^, that is aA^ is semisimple [6, p. 118]. 

The endomorphism ring for the unit module is given by End^^^ = Z^- [2, p. 402], 
that is by the restriction of the A-action to the subalgebra Z^ . Since the unit module is 
a free, hence faithful A^-module, it is also faithful as a Z^-module. Now, the direct sum 
decomposition (2.20) is clear and End^A^ = Z^Zp-. But Z^Zp is a field, therefore AAp 
is indecomposable [6, p. 121]. Together with semisimplicity this leads to simplicity of the 
direct summands AAp. ■ 

The analogous result holds for the unit right A-module: 

Remark 2.5 The unit right A-module A^ given in Def 2.1 is the direct sum of simple 
submodules 

A^-^A^ A^:^A^z^ (2.22) 
p 



where {Zp := S{Zp)}p is the set of primitive orthogonal idempotents in Z^ = S{Z^). 

We have seen that the simple submodules of the unit left (right) A-module are labelled 
by primitive idempotents in Z^ (Z^). Although a generic A-module does not need to 
be semisimple, it is always a direct sum of submodules labelled by pairs of primitive 
orthogonal idempotents in the cartesian product Z^ x Z^. Indeed, the product of primitive 
orthogonal idempotents in Z^ and Z^ gives rise to a decomposition of the unit 1 = 
^P,q = ^p,q 4^^^q) Z^ V Z^ ^ A^ f\ Center A.^ Since Z^ y Z^ Z^ ®h Z^ 



^ Note that S^{zp^^) = Zp^^, because is inner on A^/^ and the idempotents are 
central. 
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certain products zl^z^ can be identically zero due to the presence of the hypercenter 



H := n ^ n n Center^ in A'^. If zj^z^ 7^ we refer to {p,q) as an 
admissible pair. Hence, the non-zero summands are labelled by admissible pairs in the 
decomposition of the unit, which induces a direct sum decomposition of every A-module 
aM into submodules as M = ffi(p,g)-^(p,g), where M^^p^^-^ := ZpZ^ ■ M. We will call the left 
^-module aM a member of the (p, q) class and write ^M^p if (p, q) is an admissible pair 
and 

4^J-M = VV^' (2-23) 

for all product idempotents Zp/Z^ e Z^ V Z^. Clearly, the simple submodule AAp of the 
unit module a^^ is in the 'diagonal' class {p,p), because 

Zq ' XZp . — Zq XZp S(^Z^ ) — Zg XZp Z^^ — ^p,q^p,r*^^p i *^ ^ • ^2.24^ 

The next Lemma shows that the simple submodules of the unit module a^^ obey a kind 
of minimality property in the corresponding class of left ^-modules. 

Lemma 2.6 i) The k-dimension |M(p g)| of a nonzero left A-module aMi^p ^^ in the {p, q) 
class obeys the inequality 

|M(p,,)| >max{|^J|,|A^|}. (2.25) 

a) The restriction of A to the subalgebras Ap and A^ makes A-/W"(p,g) a faithful left 
Ap - and A^-modules, respectively. 

Proof. In the following first we prove that the left A-modules M(p^^q^) and N(^p^^q^) should 
obey the matching condition qi = p2 in order to get a nonzero product module M(p^ x 
^{V2,q2)- Then writing a left A-module M(^p^q^ as a product with the unit module and 
using this matching condition, the emerging tensor product space can be given as a sum 
of subspaces with respect to a basis of the corresponding simple submodule of the unit 
module. We will use Theorem 2.4 and Remark 2.5 to prove that Af(p,g) is a faithful Ap- 
and yl^-module and then the estimation of the fc-dimension of M(^p^q-j will follow. 

Using property (1.12) of the separating idempotent of A^ and the decomposition of 
the unit into primitive orthogonal idempotens in Z^, one obtains 

A(l) = J2 S-\S{1^^^)) 1(2)^^ = J2(^r «) z^)A{l). (2.26) 

r r 

Therefore, for any two left ^-modules M, N within a certain class we have 

= V Z^Z^l^^^ -Mr A « Z^Z^l^^^ ■ Nr a ^^"^^^ 
r 

implying 
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The separating idempotent of is a quasibasis for the counit due to (1.13), hence, it has 
the expression 5'(1*^"'^^) ® 1*^^-* = Xli ® where {ei}i, {fi}i C are dual bases with 
respect to the counit: e{eifj) = dij. Choosing a basis {e^j^ = Up{ei}i^p that respects the 
direct sum decomposition A^ = (BpAp, i.e. {ei}i^p C Ap, fi®ei G Ap ® , i E p follows. 
Since Xj^ and defined in (2.3) are left A-module isomorphisms 

|M(^,,)| = X M(^,,)| = |5(l(i)) ® l^^hi ■ M(^,,)| 



(2.29a) 



(2.296) 



for any left A-module -M'(p,q) in the (p, g) class. Hence, if we prove that is a faithful 

left and A^-module, i.e. Xp ■ M(^p^q) and ■ Mf^p^q) are nonzero linear subspaces of 
^(p,q) for non-zero elements a^^ e and a;^ G A^, respectively, then we are done, 
because a nonzero linear subspace is at least one dimensional and \A^\ = |jS'(^^)| = \Aq\ 
due to the invertibility of the antipode 5". 

Let us suppose that 7^ G Ap is in the annihilator ideal of ^M(p g). Since in the 

simple module every non-zero element is cyclic, A^ = {a-Xp := a''^^XpS{a'''^^) | a G A} 
should also be contained in the annihilator ideal of y^M^p ^). But this contradicts the 
assumption that A-/W^(p,q) is a nonzero module in the (p, q) class. Since the module A^^ is 
simple (see Remark 2.5), one has = {x^ ■ a := S(a^^^)x^a^'^^ \ a E A} for any non-zero 
x^ G A^. Hence, the assumption that a non-zero element of A^ is in the annihilator ideal 
of AM(^p g^ leads to the contradiction as before. ■ 

Corollary 2.7 Given aM let and arM denote the A^- and A^-module, respectively, 
defined by restriction of the A-module structure to these subalgebras. If End ah M = A^- ~ 
A^ then ^lM and a^^ M are free rank one A^- and A^-modules, respectively. 

Proof. Repeating the argument in [2, p. 417], one obtains an upper bound for the k- 
dimension |M| of the module M: being separable, A^ is semisimple; hence, by the Wed- 
derburn structure theorem A^ = ®iAf ~ ©jM„. (Dj), where is a division algebra 
corresponding to the simple ideal Af-. Let nii denote the multiplicity of the simple Af^- 
submodules in the semisimple module ^j?M. Then End^flM ~ ©^M^. (D^), which is 
isomorphic to A^ by assumption. Hence, as a right action on M, it is antiisomorphic to 
A^, i.e., isomorphic to A^. This is possible only if there is a permutation a of simple 
ideals of A^ such that rifj^i) = rrii and -Dct(i) = Di. Therefore M = ®iMat(ni x a{ni),Di) 
as an A^-bimodule and \M\ = J2i |-Di|nino-(i). The upper bound |^-^| = \Di\n^ for 
|M| follows from the Cauchy-Schwarz inequality. 

However, the A^-bimodule structure of M implies that M is a faithful left A^-module, 
hence, a faithful left Z^-module. Therefore, the previous Lemma leads to the opposite 
estimation: \M\ > \A-^\. Thus J2i \Di\nin^(^i^ = \M\ = |^^| = Yl - \Di\nf, which is possible 
only if no-(i) = n^. But in this case ^rM and a^-^ are isomorphic to the left regular A^- 
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and ^^-module, respectively, that is aM becomes a free rank one A^- and ^^-module by- 
restricting the ^-action to these subalgebras. ■ 

Lemma 2.8 If the isomorphism M x M (A^ ~ M x M) of left A-modules holds for a 

left A-module aM, where A^ denotes the unit left A-module, then End^nM = A^- ~ A^ 
(End alM = A^- c:^ A^) as k-algehras. 

Proof. Since M := Horn/- (M, A;) as a A;-hnear space, one can reahze End^M by M M 
^ (Z^o "^o ® iTia){fT^) '•= Ylia "^a('^a) "^), m G M. The subalgcbra End^^M C End^M is 
given by M X M: if / = ® rha £ End^nM then using (2.6) we get 



/(m) = /(I ■ m) = . m) = 1^ . /(^(l^^)) . ^) 

a a 

= (^1^^^ ■ma^l^'^^ ■ma){m), m e M, 



(2.30) 



that is End^HM C M x M. Choosing f ^Yla^a®rha e M x M and e A^ 
fix"" ■m) = iJ2 1^'^ • ma l(') • m„)(a;^ • ^) = E ^^'^ " ^^^^^'^ ' " ^) 

a a 

= •m„(5-^(a;«)l(2) -m^,™) = ^ a;«lW • m„(l(2) . m) (2.31) 

a a 

= x^ ■ ma "X) ma){m) = x^ ■ f{m), m e M, 

a 

leads to the opposite containment, hence End^JiM = M x M. 

The structure of the subalgebra M x M oi M M can be obtained as follows. The 

unit of End jtM is given by 1m = J2i mi®mi G M®M, where {mi}i C M and {mi}i C M 

are dual bases. 1m is in M x M due to (2.7b). Let U:A^^MxMhe the required left 
^-module isomorphism. Hence, there exists e A^ such that 1m = U{u^) and 

End AnM = MxM = U{A^) = U{A^ ■ 1) = A^ ■ U{1) =: A^ -(^ma® rha) 

" (2.32) 

= Y,A^ ■ma®ma = (^^0 o UiX). 

i 

using (1.4) in the sixth equality. Since the unit ^-module aA^ becomes a free, hence 
faithful left ^^-module by restriction and since U{\) e End^JiM is invertible due to 
Im = U{u^) = (u^-) o U{1), (2.32) leads to End^«M = A^- ~ A^. 

The proof of the statement involving the right dual M is similar. ■ 
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3. Hopf modules in weak Hopf algebras 

Besides A-modules we need the notion of weak Hopf modules of a WBA A [2, p. 407]. 

First, a left (right) A-comodule is a pair = {M,5l) (M^ = (M, consisting of a 
finite dimensional /c-linear space and a /c-linear map Sl: M ^ A (S> M {Sji: M ^ M (Si A) 
called the coaction that obeys 

{idA<S)SL)oSL = {A<S)idM)oSL, {Sii<S)idA) o Sr = {idM <S) A) o Sr, 
{s (8) idM) oSl = idM, {idu ® e) o 5r = idu- 

They incorporate only the coalgebra properties of A. In the following we will use the 
notations dL{fn) = m_i ® toq and dnim) = mo ® toi- Lower and upper A-indices will 
indicate ^-modules and ^-comodules, respectively. 

The weak Hopf modules (WHM) M^, aM^,^M,^Ma of a WBA A are A-niodules 
and A-comodules simultaneously together with a compatibility condition restricting the 
comodule map to be an A-module map, e.g. 

= (M, hr, Sr) : (m ■ a)o (g) (m • a)i = mo • a^^^ <S) mia^'^\ 

a e Ajin e M. 

aM^ = (M, hl, Sr) : (a ■ m)o O (a ■ m)i = a^^> ■ mo (g) a^^'mi, 

(3.2) 

As a consequence of these identities WHMs obey a kind of non-degeneracy property 

m = mo-n^(mi), m e Ma] m = fl^{mi) ■ mo, m e aM^; 

— J A J . (3.3) 

m = mo • n (m_i), me Ma', m — Il (m_i)-mo, m e ^M. 

We caU aM^,^M^,^Ma,aM'^ia^a 'multiple weak Hopf modules if they are pairwise 
WHMs of the WBA A in the possible A-indices and if the different module or comodule 
maps commute, i.e., they are bimodules or bicomodules. The invariants and coinvariants 
of left/right A-modules and left/right A-comodules, respectively, are defined to be 

I{aM) := {m e M \ a ■ m = 7r^{a) ■ m,a e A}, C(^M) := {m e M | 5L(m) e A^ <S) M}, 

I{Ma) := {me M\m-a = m- 7r^(a), a e A}, C(M^) := {m e M \ SR{m) e M (g) A^}. 

(3.4) 

For example, the left/right invariants and the left/right coinvariants of the multiple weak 
Hopf module a^a = i^i l^-i A*' ^) ^ WBA A are the left/right integrals /^/^ and the 
right /left subalgebras A-^^^, respectively. Dualizing left /right actions or coactions of a 
WBA A with the help of dual bases in A and A with respect to the canonical pairing, one 
arrives at right/left coactions or actions of the dual WBA A, respectively, e.g. 

^M : 5L{m) := (3i®m-h, m e Ma, (3.5a) 
aM : (f ■ m := mo{(f,mi) , meM^,(peA, (3.56) 

and the invariants (coinvariants) with respect to A become coinvariants (invariants) with 
respect to A. 
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If A is not only a WBA, but also a WHA one can say more about the invariants and 
coinvariants of (multiple) WHMs: 

Lemma 3.1 Let A be a WHA. 
i) The coinvariants and the invariants of a WHM of A can be equivalently characterized 
as 

C(M^) = {m e M I SR{m) = m ■ 1^^^ ® l^^^}, 



C{aM^) = {meM\ 6R{m) = 1^^^ ■ m (g) l^^^}, 
C{iM) = {meM\ 6L{m) = 1^^^ ® 1^^^ ■ m}, 
C(^Ma) = {m e M I 6L{m) = 1^^^ O m ■ 1^^^}, 
I{M^) = {m e M I mo • a (8) mi = mo miS{a), a e A}, 
I{aM^) = {m e M \ mo<S> ami = S{a) • mo (8) mi, a e A}, 

I{iM) = {m e M I m_i <S) a ■ mo = S{a)m-i <S>mi,a e A}, 
I(^Ma) = {me M\ m_ia mo = m_i (g) mo • S{a),a e A}. 



(3.6a) 



(3.66) 



a) The following maps define projections from WHMs onto their coinvariants and invari- 
ants, respectively 



tA 



P'^{m) mo ■ 5'(mi), m G M^, P^{m) := S \mi) - mo, me aM' , 
^P(m) := S{m-i) - mo, me iM, '^P{m) := mo ■ ^-^(m-i), m e ^Ma, ^^'^^^ 

PA{m) := mo ■ R{mi), m e M^, AP{m) := L{mi) ■ mo, m e aM"^, 

A - - A (3.76) 

AP(m) := L(m_i) • mo, m e ^M, -Pa ("7.) := mo • -R(m_i), m e M^, 

where S is the antipode and R,R,L,L are the projection maps (1-17) to integrals in 
the WHA A. 

Hi) In case of the multiple WHMs aM^ and a-^a the coinvariants are left and right 
A-modules with respect to the induced left and right adjoint actions, respectively. 

Proof, i) The characterization (3.6a) of coinvariants and the form (3.7a) of the projections 
onto them have been already proved in [2, p. 409]. Concerning the invariants of M^, first 
we note that the set given in (3.6b) is contained in the set of invariants defined in (3.4) 
since 

m- a = {id® s){mo ■ a^^^ (g) mia*^^^) = {id £)(mo <8) miS'(a'^^^)a'^^^) 

= {id®e){mo®mJl^{a)) = {id® e){5R{m ■Tl^{a)) = m • n^(a), 

for all a e A. Using the third identity in (1.8) the opposite containment is as follows 

mo • a ® mi = mo • l^^^a ® mil*-^^ = mo • a*-''"-' ® min''"(a^^'') 

= mo • a^') ® mia(2)5(a(3)) = (m • a^^'^)o ® {m ■ a^^\S{a^'^^) 

= (m • n^(a(i)))o ® (m • U^{a^^^))iS{a^^^) = mo® mJl^{a^^^)S{a^'^^) 

= mo (S>miS{a), ae^,me/(M^). 

(3.9) 
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The cases of the other three WHMs can be proved similarly. 

ii) The image of the map Pa is in I{M^) due to the defining property (1.9) of the right 
integrals in A. Applying Pa to an invariant m G I{M^) and using their characterization 
(3.6b) and the non- degeneracy property (3.3), 

mo • i?(mi) := mo • {{mih) ^ S\Pi)) = uiq ■ {{miS{h)) ^ S{Pi)) 

= (mo • bi) ■ (mi - S{pi)) = mo • bimf\m^^\ SiPi)) (3.10) 
= mo • S{m^i ^)m^'^ = mo • n^(mi) = m, m E I{M^) 

follows, that is Pa is a projection onto the invariants of M^. The cases of projections onto 
the invariants of the other three WHMs can be proved similarly. 

iii) We have to show that the maps 

VL{a m) = a -k m := o^^^ • m ■ S{a^'^^), a E A, m E C(aM^), 

^3.11^ 

VR{m <0a) = m-ka:= <S'(a*^^^) • m • a*^^\ a E A, m E C(^M^) 

provide a left and a right A-module structure (C(aM^),z^£) and {C{^Ma)-,i^r)-, respec- 
tively. The image of the map vl is in C(^M^), because for all a e ^ and m E C{aM^) 

5fl(a(i) • m • 5(a(2))) = a^''^ ■ (l^^) ■ m) ■ Sia^^^^ ® a(i2)-^(2)^^^(2))(2) 

= a(^) • m • S{a^^^) ® a^''^S{a^^^) (3.12) 
= a^^) • m • S{a^^^) ® U^{a^^^) E M ® A^ . 

The map is clearly a left ^-action, i.e. a -k {h-k m) = ab -k m, for all a,b E A and 
m E C{aM^), moreover, for all m E C{aM^) 

m = 1 • m = (1 • m)o ■ n"((l ■ m)i) = l(^) • mo ■ n^(l^^^mi) 

= 1(1) • m ■ n«(l(2)) = 1(1) . m ■ ^(1(2)) = 1 * m, ^^'^^^ 

where we used the identities (3.3) and (3.2), the property (3.6a) of the coinvariants and 
(1.10). The proof of the case {C{^Ma)j i'e) is similar. ■ 

Extending the result of [2, p. 410] concerning the structure of a WHM, the structure 
of a multiple WHM is given by the following 

Theorem 3.2 i) Let aM^ be a multiple weak Hopf module of the WHA A. Then aM^ is 
isomorphic as a multiple WHM to AiC{M) x A^), which as a left A-module is isomorphic 
to the product of the left A-modules (C(M),*) defined in the previous Lemma and the 
left regular module aA, while the right A-module and right A-comodule structures are 
inherited from the WHM A\ = (A, ^u. A). 

ii) In particular, a^a = (^) I^l, I^r, 5r) is a multiple WHM with structure maps 



fiLia <Si(p) = a-(fi 
fJ'Riv ® a) = if ■ a 



= (p^S-'{a), (3.14a) 
= S{a) ^ (fi, a E A,(p E A, (3.146) 
= /3i(p0bi, (3.14c) 
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where {bi} C A and {Pi} C A are dual bases with respect to the canonical pairing, therefore 

AAi ~ ^(C(i) X Ai) = Ail"- X Ai), (3.15) 
where is the space of left integrals in the WHA A. 

Proof, i) As a A;-linear space a{C{M) x A^) = {C{M) x A, /il, I^Rj^r) is (see (2.2a)) 

C(M) xA:= 1^^KC{M) l^^^A = 1^^^ ■ C{M) ■ 5(1^^)) ® l^^^A 

= C{M) ■ 1(1)^(1(2)) ^ ;^(3)^ ^ . n^(i(i)) ^ 1(2)^ (316) 

= C(M) ■ ^(l(i)) ® 
due to the fact that 

■m = x^ ■{li<m) ■.= xH^^^ -m- S{l^'^^)=m-x^] m e C{M),x^ e A^ , (3.17) 
which follows from the identities (3.13) and (1.12). One can easily check that the maps 

a ■ (^ Ui (g) hi) := ^ a^^^ -krii® a^'^^hi, 

i i 

(5^ni®6i)-a:=5^ni®M, a e A ^ ri^ 6^ e C(M) x A (3.18) 

i i . 

i i 

provide C(M) x A with a multiple WHM-structure. The A;-linear maps U: aM^ C{M) x 
A and V: C{M) xA^ aM^ defined by 

?7(m) := mo • S'(mi) (8) 777,2, 1^(^ <8) &i) := ^ • &i (3.19) 

i i 

are inverses of each other [2, p. 411], i.e. V oU = id-M and t/ o = i(ic'(M)xA- In order to 
prove that aM^ and a(C'(-^) x ^a) isomorphic as multiple WHMs as well, we have 
to show that both U and V are left and right ^-module and right ^-comodule maps. We 
can restrict ourselves to the left ^-module properties, because the two other properties 
were already shown in [2, p.411]. 

U (a ■ m) = (a ■ m)o • S{{a ■ m)i) <S> (a ■ 777)2 

= a^^^ • 7770 • 

= a^^^ * (7770 • S{mi)) (8) a^^^77i2 

= a ■ U{m), a e A, m e M, (3.20a) 
V{a • (^ 77i bi)) = J2 ^(a^'^ * a^^^^i) = J2 ^(^^^^ • ^» ■ '^(^^^^) ® "^^^^^) 

i i i 

= J2 • rii ■ <S(a(2))a(3)6, = ^ a^^) • 77, • n«(a(2))6, 

i i 

= J2 a^'^n^(a(')) • • 6, = a • (j;] n, • bi) 

i i 

vC^Hi^bi), a e A, e C(M) X A, (3.206) 



= a 
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where we used (3.17) in the fifth equahty of (3.20b). 

ii) The WHM structure = (i, /in, 5^) given by (3.14b and c) of the multiple WHM 
has been shown in [2, p. 409]. The map defined in (3.14a) is clearly a left A-module 
map on A that commutes with the given right A-module map iir. The right comodule 
map dji is also a left A-module map since 

Snia ■ := 6n{v - S-\a)) = 6n{v - n'^{a(^^)S-\a^'^)) 

= 5R{{{i - n^(a(^)))(^) - 5-i(aW)) = 5^(((i - a(2))(^) - S'^a^'^)) 

= A(i ^ n«(a(2)))((^ - 5-i(a(i))) ® 6, 

= (A ^ n«(a(')))(y^ - 5-i(a(i))) ® 6, = ((A - a^^))^) - ^-^(a^i)) ® 6, 
= (/3i(^) ^ ^"^(a^^)) a^^^fei = a^^) • (po (g) a^^Vi> a e vl, (yi? G i, 

j;3.21) 

where we used the identities (1.6) and (1.10-11). Hence, the maps (3.14) provides A with 
a multiple WHM structure, and the statement (3.15) follows from the previously proved 
structure of a general multiple weak Hopf module. By dualizing the right A-coaction to 
left A-action as in (3.5b), the right coinvariants C{A^) become the left invariants of the 
left regular module ^A, which is the space of left integrals in A. ■ 

Corollary 3.3 The left regular A-module aA is injective, i.e., A is a quasl-Frobenlus 
algebra. 

Proof. The inverse of the antipode provides the isomorphism of the right A-modules 

S-^:{AA,^)^{AA,fiR), (3.22) 

with right action given in (3.14b) and the structure theorem of multiple weak Hopf 
modules implies that {A a, Hr) is isomorphic to a direct summand of the free right A- 
module (8) Aa- Therefore, (A^, ^) is a projective right ^-module, which implies the 
injectivity of its fc-dual, that is of aA. Hence, A is a quasi-Frobenius algebra [5, p. 414], 
which has been already established in [2, p. 413]. ■ 

Corollary 3.4 aI^ and A^ are A-duals of each other. aI^ is the right conjugate module 
aI^ of aI^ SLnd they are the direct sum of simple submodules 

aI'' = ®aI?, I?:=z^I'', (3.23a) 

p 

a/'' = 0a/^, i^:=z^^i'^, (3.236) 
p 

where {Zp}p is the set of primitive orthogonal idempotents in Z^. 

Proof. Since the right integrals form a left ideal in A and aA is injective by Corollary 3.3, 
it follows [5, p. 392] that every e Hom {aI^, aA) can be extended to e Hom {a A, aA). 
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But every such element is given by a right multiplication of an element a & A, hence any 
(f) is given by the restriction of a right multiplication to I^: 

(j){r) — (j){r) =ra — rll^{a), r G I^. 

This establish that Hom {aI^^ aA) ~ A^ as a fc-linear space. The isomorphic right A- 
module structure, Hom {aI^-, aA)a — A^^ follows from 

■ a)(r) := (f)j:{r)a = {rx)a = rll^{xa) =: r{x ■ a) 
= (l>x-a{r), X e A^,r e I^,ae A. 

The proof of other duality relation is as follows. A map / e Hom {A^, Aa) is just a left 
multiplication with the image /(I) e A, 

/(x) = /(n^(lx))=:/(l-x) = /(l)x, xeA^ (3.25) 

which should be a right integral, /(I) e I^, because of the module homomorphism property 
of / and (3.25) 

/(l)a = /(I • a) /(n^(la)) = /(l)n«(a). (3.26) 

The isomorphic left A-module strucure of and Hom {A^, A a) is immediate since it is 
given by left multiplication on the image /(I) G in both cases. 

Since in quasi-Frobenius algebras the A-duals of simple right A-modules are simple 
left ^-modules [5, p. 396], the direct sum decomposition (3.23a) into simple submodules is 
induced by the corresponding decomposition (2.22) of A^. 

aI^ = aI^ follows since using (3.14a and b), (1.10) and (1.8), the left ^-module 
structures of aI^ and aI^ are related as required by (2.6), 

(avtA,r) := {a^^^ ■ X ■ S{a^^'^),r) = {S^{a^''^) ^ X ^ S-\a^^^),r) 
= {X,S-\a^'^)rS\a^^^)) = (A, 5-i(a«)rn^(5^(a(2)))) 
= (A, 5-i(a(i))r>S^(H^(a(2)))) = (A, S-\a^^^)rS\u''{a^''^))) (3.27) 
= {X,S-\l^^^)S-\a)rS^{l^''^)) = {1 X, S-\a)r) 
= {X,S-\a)r), aeA,Xei^,reI^, 

and the restriction of the canonical pairing to these integrals is non-degenerate. Hence, 
aI is also semisimple and the decomposition (3.23b) follows because Zp is cL central 
idempotent in A and := zj^I^ = I^zj^ = I^S~^{z^) = S~^{z^)I^. ■ 

Corollary 3.5 becomes a free rank one left A^- and A^-module by restricting its left 
A-niodule structure aI^ = (aI^t*) to these canonical subalgebras. 

Proof. Due to Corollary 3.4 aI^ is the right conjugate of aI^, that is aI^ is the left 
conjugate of aI^, because M = M for any left ^-module M. Hence, if we prove the 
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left A-module isomorphism ~ x then Lemma 2.8 and Corollary 2.7 lead to the 
desired result. 

The restriction of the multiple WHM isomorphism ~ a{^^ x ^a) ™ (3.15) to 
the right invariants leads to the isomorphism aI{Aa) — aI{^ x Aa) of left A-modules, 
where the left ^-module structure of the right invariants is inherited from that of the 
corresponding multiple WHM. In our case I{Aa) = I{Aa,P.r) = A^ and x Aa) = 
jL ^ jR rj^j^g latter equality can be seen by using the form (3.7b) of the projection Pa 
to right invariants of the WHM x A^. To prove the former equality we note that 
the invariants of the right A-module {Aa, ^r) are the coinvariants of the dual left A- 
comodule {^A/5l) given by (3.5a). Since in this case Sl{^) = S{(p^'^^) ® (p^^\ applying 
<Si e to the defining identity (3.4) of left coinvariants and using (1.10) one arrives at 
= C(^A,6l) = I{Aa,I^r). Therefore, ~ x as left ^-modules. However, 
A^ ~ A^ also holds since the invertible map S o kl'-A^ — > A^ with kl in (1.5) is an 
^-module map: 

{S o KL){a ■x^): = {So KL)iIl^{ax^)) = S{U^{ax^) ^ 1) = S{ax^ 1) 

^ ^ ^ (3.28) 

= Sia - KLix'^)) = SiKLix'^)) - S-Ha) =: a • (>5 o «^)(x^), 

where a e A and x^ e A^. Thus, A^ 0:^1^x1^ as left A-modules. ■ 

4. Existence of non-degenerate left integrals in weak Hopf algebras 

Here we prove the generalization of the Larson-Sweedler theorem [10]. 

Theorem 4.1 A Gnite dimensional weak bialgebra A over a Geld k is a weak Hopf algebra 
iff there exists a non-degenerate left integral in A. 

Proof. Sufficiency. A left integral / G A obeys the defining property al = Il^{a)l,a e A. 
Non-degeneracy means that the maps 

Rf.A^A Lf.A^A 

(fi ^ {(fi ^ I) (f ^ {I (fi) 

are bijections. This implies that there exist A, p e A such that I ^ p = Li{p) = \ = 
Ri{X) = X ^ I. Let us define the A;-linear maps 5': A — > A and 5: A — > A by 

Sia) := (Ri o Lx)ia) = {X ^ a) ^ I = l^'\al'^^\ A), 
S{i;):={RxoLi){i;)^{l^i;)^X^X^'HijX'^^\l). 

They are transposed to each other with respect to the canonical pairing and S{p) = X. Now 
we prove that A (p) is a non-degenerate left (right) integral in A obeying Z ^ A = 1 = / ^ p. 
Since Ri and L; are bijections the identities 

RiiipX) = {tl;X) ^l = tl;^{X^l) = iP^l = tl^iij) ^ 1 = n^(V') ^ (A ^ 
= Ri(n^(il;)X) 

-^o (4-2) 

lKpV) = I ^ {p^) = (z-p)-v = i^V' = i^ n^(V^) = (z - p) - H^(v^) 
= Li{pii^m 
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imply that A (p) is a left (right) integral in A. Using the properties Z ^ p = 1 = A — ^ Z 

n«(z - p) = n^(p(i))(p(2), /) = i(i)(pi(2), /) = - p) = i, 

. R . R (4.3) 

u {I - A) = n (aW)(a(2), = iW(i(^)A, i) = x^i) = l 

which imply that / ^ p = 1 = / ^ A since I ^ p,l ^ X E and both of the A^ — A^ 
and A^ — A^ pairings are nondegenerate. The proved properties of A, p e ^ allow us to 
construct the inverse of the map S : 

S-\i;) := {Rp o Ri){i;) ^ - /) - p ^ p('^(p('V, 0- (4-4) 
Indeed, for all V' £ ^ one obtains 

{S-'oS){i;) :=pW(p(2)AW,/)(V;A(2),/) = pW(p(2)n«(^a))AW,/)(V;(2)A(2),0 

= pWvW(p(')n^^('))A(i),0(A('\0 ^^'^^ 

= p^'^^'\p^'^U\^^^^), I) = p^'^{p^'\ I) = ^. 

Therefore, the transposed map 5'"-'^ := {S~^y = LioLp is the inverse of S and invertibility 
of S := Ri o Lx given in (4.1) implies that Lx and Lp are invertible. Hence, A and p are 
non-degenerate left and right integrals in A, respectively. 

Since p G A is a non-degenerate right integral, there exists r G A such that p r = 1. 
In a similar way as before, one proves that r is a right integral obeying r p — V. 

Lpira) = p - (ra) = 1 - a = i - U^{a) = Lp(rn^(a)) 
n^(r - p) = (p, V(n^(r(2))) = (p, rl«)5(l(2)) = (p - r, l^^ ^(l^^)) = 1, ^ ' ^ 

hence, r ^ p = 1 follows since p is a right integral and the A^ — A^ pairing is non- 
degenerate. But then S — o Rp also holds (therefore, r is non-degenerate), because 

{S-'^ o Lr o Rp){a) = {LioLpoLroRp){a) = {r^^^a, p){r^'^^l^^\ p)l^'^^ 

= (r«a(i),p)(r(2)n^(a(2))Z(i),p)Z(2) = {A'^a^'\ p){r^^^a^^^l^'\ p)a^^¥^^ 
= (r(i),p)(r(2)n«(aW)Z(i),p)a(2)z(2) = {U^ia^'Y'\ P^^'^l^'^ 
= {l(^\p)al^^) = a. 

Now, the defining properties (1.2) of the antipode are fulfilled for the map S := 
Ri o Lx — Lr o Rp^ because for all a G A one has 

a(^)5(a(2)) = a(i)/(^)(a(2)/(2), A) = U"^ {a)l^'\l^^\ X) = n^(a), (4.8a) 

5(aW)a(2) = r(2)a(2)(rWaW,p) =r(2)n«(a)(rW,p) = n«(a), (4.86) 
5(a(^))a(^)5(a(^)) = n^(a(^))5(a(^)) = n«(aW)Z(^) (0(2)^(2), A) 

= l^^\al^^\X) = S{a). (4.8c) 
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Necessity. The statement follows from Lemma 2.6 and results (Theorem 3.16) in [2], but 
for completeness we give a full proof using the results of the previous chapter. 

Applying the structure theorem of multiple WHMs to given by (3.14) we get 

the isomorphism ~ A{i^ x ^a)- Moreover, the restriction of the left A-module 

structure of aI^ = {aI^ ■, *) to the coideal subalgebra C A leads to a free A'^-module 
arI^ = {a^I^ i'^) with a single generator Aq G due to Corollary 3.5. Hence, using 
the multiple WHM isomorphism V: l'" x A ^ A given in (3.19) and the presence of the 
separating idempotent in 1^ x A := 1<^^) ★/-^ (g) l^^) ■A = I^- S'(l(^)) ® I'^'^^A, which follows 
from (3.11), (1.4) and from the property A(l) e A^ ® A^, one obtains 

A = F(i^ xA) = F((^^ * Ao) X ^) = V{{Xo ■ SiA"")) x A) = V{Xo x S{A'')A) 
= V{Xo xA):=Xo-A := S{A) - Aq = ^ - Aq, 

which implies the non-degeneracy of the left integral Aq in the weak Hopf algebra A. ■ 

Since a non-degenerate left integral in a WHA provides a non-degenerate associative 
bilinear form on the dual WHA: 

Corollary 4.2 A finite dimensional weak Hopf algebra is a Frobenius algebra. 

5. Grouplike elements and invertible modules 

In this chapter first we define (left/right) grouplike elements in a WHA A. Then we 
give two equivalent descriptions of invertible A-modulcs in terms of the canonical coideal 
subalgebras in A and in terms of left (right) grouplike elements in the dual WHA A. 

The set of grouplike elements G{H) in a Hopf algebra H can be defined to be [17] 
G{H) := {g e H\A{g) = g^g, e{g) ^ 0}. The grouplike elements are linearly independent, 
they obey the property S{g)g = 1 and they form a group. The generalization of this notion 
to a weak Hopf algebra A 

G{A) := {g e A\A{l){g ® g) = A{g) = {g ® g)A{l),gS{g) = 1} 

given in [2, p. 433] seems to be too restrictive, hence we introduce slightly softened gener- 
alizations as well: 

Definition 5.1 Tie set of riglit/left grouplike elements Gji/L{A) in a weak Hopf algebra 
A is defined to be 

Gr{A) -.={0 eA\{g(E) g)A{l) = A{g) = A{l){g ® U'^igy^gy^U'^/^g) e Af/^} (5.1a) 
Gl{A) -.^{g e A\{gU%)-'®g)A{l) = A(^) = A(l)(^ ® ^); H^/^(^) e ^5^} (5.16) 

wliere A^^^ denote the set of invertible elements in A^^^ . The set of grouplike elements 
in A is defined to be the intersection G{A) := Gji{A) fl Gl{A). 

Using the form (1.11) of the maps H^/^, the defining properties (5.1) lead to the 
relations 

g e GniA) : H^(^) = Sig)U'^ig)-'g, H^(^) = gSig) ^gE A*,H^(^) = 1, (5.2a) 
g e Gl{A) : H^(^) = gU%)-'S{g), H«(^) = S{g)g ^gE A*,H^(^) = 1, (5.26) 
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that is elements of Gji/i^{A) are themselves invertible. Using (5.1-2) it is easy to show that 
Gn{A) and Gl{A), hence G{A), too, are groups, Gl{A) = S{Gr/{A)), and the definition 
of groiiplikc elements G{A) above is equivalent to that of given in [2]. For example, 

gh e Gr{A) if g,he Gr{A) since 

u%h) = u''{u%)h) = n«(i/i) = 1 e , 

U'^igh) = n^(^n^(/.)) = ^(^)n^(/.)5(y(2)) = ghS{h)S{g) e At 

A{gh) = {g®g)A{l)A{h) = {g®g)A{h) = {gh^ gh) A{1), 
A{gh) = A{g)A{l){h ® U^{h)-^h) = A{g){h ® 

= A(l)(^ ® S{g-')){h ® S{h-')) = A{l){gh ® n^(^/i)- V). 

Corollary 5.2 The element g e A is right (left) grouplike iff g is invertible and obeys the 
property A{g) = {g ^ g)A{l) (A{g) = A{l){g ® g)). 

Proof. If g E A is right (left) grouplike it is invertible due to the discussion above, while 
the required coproduct property follows by definition. Conversely, the relations 

1 = g-'g = g-\id®e){A{g)) = l^'^e{gl^'^) =: n^(^), 
n^y) = g^'^S{g('^) = gl^'^S{l^'^)Sig) = gS{g), 

imply that Il^/^{g) e ^f^^. In conclusion, using (1.8) one derives 

i^^^g ® 1(2) = g(^) n^((?(')) = gi^'^ ® ii\gi^^^) = gi^'^ ® gi'^^^Sig). 

Multiplying this identity by 1 ® S{g~^) from the right and using the form of Il^{g), one 
arrives the other coproduct property of a right grouplike element in (5.1a). The proof for 
left grouplike elements is similar. ■ 

We note that the set G{A) in Gr{A) can also be given by the subset of elements 
satisfying 11^ (g) = 1 or by the subset of pointwise invariant elements with respect to 
S'^. For verification of the latter claim, we note that if g = S'^{g) holds for g G Gr{A) 
then U^{g) = gS{g) = S^{g)S{g) = S{U^{g)), that is U^{g), hence U^{g)-\ too, are in 
j^L Q j^R ^ Center A^. Using (5.2a), (5.1a) and these consequences one obtains 

1 = n^(^) = S{i^'^)S{g)gi^^^ n^(^-')-' = 1 => g-\g e G{A). 

Now we turn to characterization of invertible modules of WHAs. 

Definition 5.3 An object M of a monoidal category (£; x,E) is invertible if there exists 
an inverse object M e Obj C obeying MxMc^iEc^iMx M, where E e Obj C is the 
monoidal unit of the category and ~ denotes equivalence of objects in C} 

Proposition 5.4 i) Let L be the autonomous monoidal category of finite dimensional left 
A-modules of a WHA A given in Prop. 2.2. The module aM e Obj C is invertible iff it 

^ In case of symmetric or braided monoidal categories invertibility is defined by the 
condition £; ~ M x M [7]. 
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becomes a free rank one left A^- and A^-module by restricting A to the subalgebras A^ 

and A^, respectively. 

a) An invertible module aM e Obj C is semisimple. Namely, it is the direct sum of 
simple submodules: 

aM = ®pM(p,,^(p)), M(p,,^(p)) :=z^-M = z^^^^^ ■ M, 

where {Zp}p C and {Zp := S{Zp)}p C are the sets of primitive orthogonal idem- 
potents and tm is a permutation on them. 

Proof, i) First we show that aM is invertible iff 

MxMc^A^c:^MxM (5.3) 

as left A-modules, where A^ is the unit left A-module given in (2.1). 

If (5.3) holds then, using the natural equivalences and given in (2.3), M ~ 

A^xMc:iMxMxMc::^MxA^c:^M follows, hence, M is invertible. Conversely, let M 
be the inverse of M and let cr: M x M — > A^ and t: M x M ^ A^ be the corresponding 

invertible arrows. We will show that M M M, which imply (5.3). The arrow 

a; := {X^l)-\t x t)(1m x a'^ x 1m)(X^ x 1m)t-' G End^^^ (5.4) 

is invertible; therefore, it is given by the action of an invertible element z^ e Z^ := 
A^ n Center^ due to EndA-4^ = Z^- [2, p.402]. Hence, if zj:^: N ^ N denotes the 
arrow given by the action z^ G Z^ for N e Obj C then {^^} is a natural automorphism 
of the identity functor on C and u = z^^. Defining f := (z^l)~^t: M x M — > A^, 
we have f = ''"(^a^xm)"^ ~ '^ii^M)~'^ x Ijy^) due to naturality and (1.4). Therefore, 
(^m)~^ X 1m = ^"^^ = T~^u~'^T, which leads to z^ = {X^)-'^{t x 1m)(1m x (t~^)X^ 
due to the form (5.4) of oj and faithfulness of — x Ij^. Hence, using naturality and (1.4) 



(5.5a) 



1m - {zi(4r'zi(4 = iz^r\X^)-\T X 1m)(1m X a-')X^ 
= {XM)~\r X 1m)(1m X a-^)X^. 
Then 

{X^)-\1m X f){a-' X 1m)X^ = 1m (5.56) 
also holds because of faithfulness of 1m x — and because of the identity 

1a^ = rf-^ = f{{X^)-^ X lM)(f X 1m X 1m)(1m x a'^ x 1m)(^m x 1m)^"^ 

= {X^.rHf X f)(lM X a-' X 1m)(^^ X lM)f-i (5.6) 
= f[lM X {X^)-\1m X f)(a-i X l^)X^]f-\ 
Thus, using the right and left evaluation maps defined in (2.8) and (2.14), respectively, 

V := {X^)-\El X 1m)(1- X f-')X^: M ^ M, (5.7a) 

M M 

7^ := (X^)-^(Im X El,){a-' x l-^)X^: M^M (5.76) 

M M 
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provide the equivalences M M M with the inverse arrows 

V"' = {XL)-\a X 1^)(1m X &m)X^:M^ M, (5.8a) 

M M 

7^"' = {Xl)-\l_^ X f){Cl, X 1m)X^- M^M (5.86) 

M M 

due to the rigidity identities (2.10) and (2.15), respectively, and due to (5.5a and b). For 
example, 

V"V:= [iXL)-\a X 1^)(1m x &j^)X^][{X^)-\e'j^ x 1m)(1^ x f-')X^] 

MM MM 

= {X^_)-\E% X 1^)(1^ X [{X^)-\1m X a)(f-i x 1m)Xm] x 1^) 
M M M M 

(1^ X C'm)X^ = {Xt_)-\E'M X 1-)(1- X C'm)X^ - 
M MM MM MM 

where we used the inverse of (5.5a) in the third equality and (2.10b) in the fourth one. 

Now we prove that (5.3) is fulfilled iff M becomes a free rank one A^- and A^-module 
by restricting the left A-action to these subalgebras. If (5.3) holds then the statement 
follows from Lemma 2.8 and Corollary 2.7. Conversely, suppose that aM becomes a free 
A^- and ^-^-module with a single generator m e M by resricting the ^-action to these 
subalgebras. The elements rhi and of the A;-dual M oi M defined by 

{mi,x^ ■m)M e{x^), {rhr, x^ ■ m) m '-^ e{x^), x^l^^A^I'^ (5.9) 

are A^- and ^^-generators of M and M, respectively, because the counit e is a non- 
degenerate functional on A^ and on A^ . Moreover, choosing dual bases {ei}i, in 

A^ with respect to the counit £, the bases {e^ • rhi)i C M, {S'~-^(/i) • m}^ C M and 

{S~^{^fi) • rhr^i C M,{ei • m}i C M become dual to each other. Indeed, for the dual 
^^-bases we have 

5ij = eiejj) = e{fiS\ei)) = e{S{ei)S-\f^)). (5.10) 

The third equality follows from the invariance of the counit with respect to the antipode: 
e = eoS. The second is the consequence of the identities (1.14-15) claiming that S"^ is the 
Nakayama automorphism l '■ A'" —>■ A^ corresponding to the counit as a non-degenerate 
functional on A^. Therefore 

6ij =e{S{ei)S-'^{fj)) := {rhi, S{ei)S-'^{fj) ■ m)M = {ei ■ m, S-'^{fj) ■ m)M , ,^ 

-2 -2 -1 (S-ll) 

6ij = e{S {fj)ei) := (m^, S {fj)ei ■ m)M = {S (/,) • rhr, • m)M ■ 

Thus, we can prove that the left and right coevaluation maps C\^: A^ M x M and 
Cl^:A^ ^ MxM defined in (2.8) and (2.14) are invertible, that is (5.3) holds: using that 
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l^-*^) l(^) = S ^(fi) <8) ej (summation suppressed), rank one A^- and A^-freeness of M in 
the fourth equahties, respectively, and (2.13a) in the sixth equahty of (5.12b), one obtains 

M X M := l(^) ■ M ® . M = 1^^^ ■ M ® l^^^A^ ■ m 

= 1^^'^S-\A^) ■ M ® . rhi = • m ® l^^^ • (5.12a) 

= A'^S-^f,) ■m®ei-mi = Cl^(A^), 

M X M := 1^^) • M ® • M = l^^^A^ ■ rhr 1^^^ ■ M 

= 1^^) • rhr 1^^^S{A^) ■ M = 1(1) • rhr l^^^^l^ • m (5.126) 
= 5-i(/i) • rhr ^^e^ • m = A^S'^fi) ■ rhr ^ Ci ■ m = Cm(^^), 

i.e. C]^ and C]^ are surjective. Injectivity of and C£f follow from the faithfulness of 
M as a left A^- and ^-^-module, respectively. 

ii) From (5.3) and Lemma 2.8 we can deduce that 

End^M C End^flMnEndA^'M = (Center A^)- = (Center A^) • . (5.13) 

Let m e M be a free ^^-generator. The action by an element e Center A^ on M is an 
element of Endy^M only if 

U^{a)x^ ■ m = a^^^ S{a^^^)x^ ■ m - a^^^x^S{a^'^^) ■ m = U^{ax^) • m, a e A, (5.14) 

i.e. only if II-^ (a)a;^ = Il^{ax^) for all a e A. However, this relation implies that x^ e 
Center yl: 

S{a)x'^ = 5(a(i))n^(a(2))a;^ = S{a^'^)U'^{a^^^x'^) = S{a^'^)a^^^x'^S{a^'^) 

= U^{a^^^)x^S{a'^^^) = x^Sia), a E A. ^^'"^^^ 

Therefore, x^ G A^flCenter A =: Z^, that is End C Z^-. The opposite containment is 
trivial. The proof of the relation End aM = Z^- is similar. Hence, the direct summands of 
aM in the statement ii) are indecomposable submodules. Since aM is a free rank one A^- 
and ^^-module due to i), tm is a permutation and the /^-dimensions of the indecomposable 
submodules M(^p^T-Mip)) saturate the lower bound (2.25) given in Lemma 2.6. Therefore, 
-^(p,t-m(p)) is simple since it cannot contain a non-trivial submodule. ■ 

Now we turn to the characterization of invertible A-modules in terms of right (left) 
grouplikc elements in the WHA A. First, we give the connection between (right/left) 
grouplike elements in A and invertible submodules of (^^, -^)- 

Lemma 5.5 Let Abe a WHA and let Fa := {A — ^ a, — ^) denote the cyclic left A-submodule 
of ^A := (aA, ^) generated by a E A. 

i) g E A is (right/left) grouplike iff g is an element of an invertible submodule of ^A 
and g obeys the normalization conditions (Il^^^{g) — 1) H^(gf) — 1 — H^(gf). 

ii) The cyclic submodules Fg, Fh C j^A generated by (right/left) grouplike elements are 
in the same module isomorphism class iff gh~^ e A'^ . 
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Hi) In any module isomorphism class of invertible submodules of ^A, there is a submodule 
which contains a right (left) grouplike element. 

Proof, i) Let g G Gji/i^{A) or g E G{A). Clearly, Fg is a submodule of ^A that contains 
g satisfying the required normalization conditions. According to Prop. 5.4 i) invertibility 
of Fg follows if Fg becomes a free A^- and A^-module with the single generator g by 
restricting the ^-action to these subalgebras. K g E Gr{A) then the identities (1.6-7) and 
(5.1-2a) lead to the relations 

V^g = l«^(</p, l^^^Sig)-') = 1^'^giSig)-' - cp, n^(l(2))) 

= (n^(^(^7)-' -^)^ 1)9 = n''(^(^7)-' v') ^, <^ e i, (5.16a) 

^ - ^ = gl^'Hp, gl^'^) = gl^'^p, - g, n^(l(2))) = gl^^^u'i^ - g), l^^))) 

= gif^iifi ^g)^l)= U^'i^ ^g)^9, ^eA. (5.166) 

They imply that Fg C (A^ ^ fif) n (A^ ^ g) = gA^ n A^g. Moreover, if = v'-^ ^ 
g = ((p^ l)g or = cp^ ^ g = g{cp^ ^ 1) = g{S{^^) 1) for certain ip^/^ G A^/^ 
then ip^/^ = 0, because g is invertible and the maps in (1.5) and the antipode S are 
bijections. Therefore, Fg is a free rank one A^- and A^-module for any g G Gji{A), hence 
for any g G G{A) C G/j(A), too. The case of G Gl{A) can be proved similarly. 

Conversely, let ^F be an invertible submodule of ^A. Then F is a right coideal in A 
and a free left A^- and A^-modulc with a single generator f E F. Thus, one can define 
two projections A — > A^ and i>j : A A^ by requiring 

$^(^)-/:=(^-/, §^(^) - / := ^ - /, (5.17) 

for (f E A. They are left A^- and A-^-module maps, respectively. Since F is a right coideal 
in A, defining fi and fr in the fc-dual F of F like in (5.9) by 

(/., ^ f)F = (/., f^'^)F{f^'\ph = (/ - := £(V^^), e i^ ^ 

we have n^(/ -/,) = ! = n«(/ - and 

$^(v.) = ^(i(i))(/., i(^)$^((/^) - /)f = ^(i^^))(/., i^'V ^ /)f 

= ^(i^^))(/ - i^^V) = ti'{y^^'^){f ^ v'^^^), 
$f (v.) = (/,, (v.) f)FS-\i^'^) ^ {fl i^'^p - f)FS-\i^'^) ^^-^^^ 

= (/ - iw^)5-^(i(^)) = (/ - /, ^(^))n''(^(^)) 

using (5.17-18), (1.11) and upper right and lower left eqs. in (1.8). Thus, using (1.7-8) 

= /W(^,n^(/(2))(/ - /,)) = l(2)(/ ^ /^)), (5.20a) 

<^ - / =: $f ((^) - / = / - /z)(n''(^^^)), /(^)) 

= f^'Hv, if - //)n^(/^'^)) = fi^'Hv, if - m^'^), (5.206) 
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for all (fi & A, which imply 



1«/ 1(2) (/ ^ /,) = /(I) ^ = /i(i) ^ (/ ^ /^)i(2). (5.21) 
Applying the counit e to the first tensor factor we obtain 

n^(/)(/ ^ /r) = / = (/ ^ m'^if). (5.22) 

Let fif e F such that U^{g) = 1. Then g = ip^ ^ f = f{(p^ 1) =: fx^ with G 
for some G A''^ due to A^-freeness of F and (1.6). Thus, 1 = Il^{g) = Il^{f)x^, that 
is is invertible. This implies that g is also an A^/'^-generator of F, hence, (5.21-22) 
hold for / = fir G F, too. Since 1 = n^(^) = S{g){g ^ g^) by assumption and due to the 
first equality of (5.21), S{g), hence g, too, is invertible. Since I[^{g) = S~^{Il^(g)) = 1 
due to (1.11), the second equality of (5.22) implies that g gi = g- Hence, the second 
equality of (5.21) together with invertibility of g implies that g G Gfi{A) due to Corollary 
5.2. The cases g G Gl{A), G{A) can be proved similarly. 

ii) First we note that for g,h E Gr{A) ((^^(yl), G{A)) the invertible left A-modules 
Fgh and Fg x Fh are isomorphic, because the maps 

U:FgXFu^Fgu V:Fgu^FgXFn 

m®n\-^ mn m ^ iS^^ mh~^ ® i^^) ^ h 

are left A-module maps, which are inverses of each other. Hence, it is enough to prove 
that Fg ^ Fi as left i-modules for g G Gr{A) {Gl{A),G{A)) iff G A^ . 

Let g G G'^(A) := Gr{A) n A^ . Then {A^)^ := {p> G iK^^, A^) = 0} C A is an 
ideal contained in the annihilator ideal of both of the left A-modules Fi and F^, because 
Fi, Fg C A^ and A^ is a subcoalgebra of A. Therefore Fi and Fg are also left modules with 
respect to the factor algebra A/{A^)-^ and the isomorphism of the modules Fi and Fg with 
respect to this factor algebra ensures their isomorphism as A-modules. The factor algebra 
A/[A^)-^ is isomorphic to the dual WHA A^ of as an algebra, which is isomorphic to 

a direct sum of simple matrix algebras, ~ ©qM„^(Zq,), due to Lemma 2.3. The Z^s 
are separable field extensions of the ground field k determined by the ideal decomposition 
Z = ®aZa oi Z = A^ n A^ and the dimensions obey Ua = dimz^A^. Hence, Fi and 

Fg are isomorphic ^^-modules if the multiplicities of simple submodules corresponding to 

the Wedderburn components of A'^ in their direct sum decompositions are equal. In order 
to prove this, first we note that the primitive idcmpotents {-Zaja C Z are central in A^, 
hence they are in the hypercenter H of A^ and they are related to the primitive central 
idempotents {caja of A^ as 

ia ^ 1 = Za = 1 ^ ea (5.24) 

due to (1.6) and the remarks after it. Hence, Bq, ^ g = (cq. — ^ 1)^ = z^g and Fi and Fg 
are faithful left ^^-modules, because 1 and g are invertible. Therefore, the multiplicity 
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corresponding to a Wedderburn component of is at least one in both of the modules 
Fi and Fg. Then the identity 

= IF^I = = = Yl \Za\^raz^A^ = \Za\na (5.25) 

a a 

for A;-dimensions coming from the A^-freeness of invertible ^-modules and from the algebra 
structure of ensures that these multiplicities are equal to one, that is Fi and Fg are 

isomorphic ~ A/(y4^)-'-, hence isomorphic A-modules. 

Conversely, let g G Gb.{A) be such that there exists an isomorphism U: Fi Fg 
between the invertible left A-modules Fi and Fg. Using that U is an A-module map, we 
have 

f/(i)(2)) = <p^ u{i) = - 1) = t/(n^(^) - 1) 

= n^M - uii) = t/(i)(^)(n^M, (5.26) 
= t/(i)(i)(<^,n^(t/(i)(2))) = i^'^u{i){v, 1(2)), ^eA, 

that is A([/(l)) = l(i)t/(l) ® 1(2), which ensures that U{1) e A^. Moreover, U{1) is an 
A^/R generator of Fg, because it is the image of the A^^^ generator 1 e Fi. Hence, there 
exists an invertible element (f^ G A^ such that 

g = <fi^^ U{1) = {<fi^ ^ 1)U{1) e A^A^ = A^. (5.27) 

The case of (left) grouplike elements can be proved similarly. 

iii) Let / be an ^^/^-generator of the invertible submodule F/ C ^A. If there is no 
right grouplike element in Ff = A^ ^ / = A^f, that is, due to i), there is no such element 
g in Ff that obeys n-^(^) = 1, let us define g f fi & A with // given in (5.18). Then 
F, := i - (/ - fi) = (A^f)^fi = A^f ^fi = A^if - fi) = A^g due to (1.4) and 
the maps 

^fr.Ff^Fg, (5.28a) 

XRf XRf ^ fi = XR{f ^ fi) = xng 
^(ti\f)^iy.Fg-.Ff (5.286) 
XRg ^ xng - (n^(/) - 1) = XRgTi'^if) = xrJ 

where xr G A^, commute with the left Sweedler action, i.e. they are left A-module 
maps. They are also inverses of each other due to (5.22), which property has been already 
indicated in (5.28b). Therefore, Fg and F/ are equivalent submodules of ^A, that is Fg 
is also invertible. Since ^^{g) '■— n^(/ ^ fi) — 1 due to (5.18) and due to the non- 
degeneracy of the A^ — A^ pairing, ^ is a right grouplike element due to i). The proof is 
similar for left grouplike elements: one has to define g '■= f fr with fr given in (5.18) 
to get g G Gl{A) in the submodule Fg isomorphic to F/. ■ 
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Corollary 5.6 The elements of G'^^j^(A) := Gji/L{A) n are of the form gLS{g]^^) G 

Gl{A) and gLS-^igZ') e GKA). They are in G'^{A) := G{A) n A^ iff gL = S\gL). 
G'^{A) is a normal subgroup in Gji/l{A) and G{A), respectively. 

Proof. An element g e G'^{A) has the product form g = gLgn due to (5.27) with gL '■= 
U{1) e A^ and gji := (p^ ^ 1 G A^. Since g is invertiblc, ql and g^ are invertible. Using 
property (5.2a) one obtains 1 = Ii^{g) = H^igLgn) = gRS{gL)- The other cases follow- 
since Gl{A) = S{GJ^{A)) and since G^{A) = Gl{A) n Gl{A). 

Since A^g^A^ gA^ - A'^g for g e Gr/l{A) {G{A)) due to (5.1), gA^g-^ = A^ 
follows. Therefore, G^^^(A) and G'^{A) are normal subgroups. ■ 

Proposition 5.7 Every invertible left A-module is isomorphic to a cyclic submodule of 

{^A, ^) generated by an element in Gr{A) (Gl{A) ). The isomorphism classes of invertible 
left A-modules are in one-to-one correspondence with elements of the (finite) factor group 
GniA)/GliA) (GLiA)/Gl{A)). 

Proof. Due to Prop. 5.4 ii) an invertiblc left A-modulc M is a direct sum of inequivalent 
simple submodules: M — (BpZ^-M —: (BpMp, where {Zp}p is the set of primitive orthogonal 

idempotents in Z^. Since ^ is a quasi-Probenius algebra, see Corollary 3.3, the simple 
submodules Mp are isomorphic to left ideals in A [5, p. 401]. Since they are inequivalent 
for different p, the invertible module itself is isomorphic to a left ideal in A. Due 
to Corollary 4.2 A is a Frobenius algebra, hence, the isomorphism ^A ~ (^A, of left 
regular modules holds [5, p. 413]. Thus, is isomorphic to an invertible submodule of 
{^A, -^), that is to a cyclic submodule Fg with g e Gr{A) {g e Gl{A)) by Lemma 5.5 
iii). Due to Lemma 5.5 ii) the isomorphism classes of cyclic submodules Fg,g e Gfi/L{A) 
are given by the elements of the factor group Gji/L{A)/G'^^j^{A). 

Since a finite dimensional fc-algebra has a finite number of inequivalent simple modules, 
there is only a finite number of inequivalent semisimple modules with a given /c-dimension. 
Therefore, the factor groups Gii/l{A)/G'^^j^{A) are finite groups. ■ 

In consideration of Prop. 5.7 we can formulate why the notion of grouplike elements 
in a WHA is too restrictive: one cannot always associate a grouplike element in A to an 
invertiblc module of the dual WHA A. We formulate this claim as follows: 

Proposition 5.8 Let G A^ denote the element that relates the counit and the reduced 
trace as non-degenerate functionals on the separable algebra A^: e{-) — tr (• tj^). The coset 
gG'^{A) C Gfi{A) for g e Gii{A) contains a grouplike element iff there exists xl & A^ 
such that 

gtLg~^ = XLtLxl\ (5.29) 

In general, G{A) /G'^ (A) is a proper subgroup of G r{A) / G'^{A) . 

Proof. The adjoint action by g E Gr{A) on A gives rise to algebra automorphisms of 
A^ and A^, because (5.1-2a) imply that Il^^^{gyR/L9~^) = gUR/LQ'^ for yn/L e A^/^. 
Using the invariance of the reduced trace with respect to algebra automorphisms and the 
WBA identity e{ahc) = e{U^{a)bU^{c)y,a,b,c e A, which follows from (1.1b) and (1.3), 
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one obtains 

e{yLgS{g)) = e{Ii''{g-^)yLn\g)) = e{g-^yLg) = tr {g-^VLgtL) 

-1 -1 -1 T (o.dUj 

= tiipLgtLg ) = e{yLgtLg ), e A , 

i.e. gS(g) = gtLg~^t2^ due to non-degeneracy of the counit on A^. Therefore, for all 
g e Gii{A) we have 

S{g)^tLg-Hl\ S\g)^tgt-\ t :^ tLS{tl'). (5.31) 

The element tL implements the Nakayama automorphism Oe = S"^ oi e on A^: Og = AdtL- 
Hence, t := tLS{t2^) G implements S'^ on A'^ and due to (5.31) on the subcoalgebras 
gA^ of A, g E Gii{A) as well. In addition, t G G'^{A) due to Corollary 5.6. 

Hence, if for a given g G Gji{A) there exists xl = x^i^g) G A^ such that gtLg~^ = 
XLtL^L^, then gS{g) — gtLg~^tJ^^ = xitLxJ^^t^^ — xlS'^{x^^) due to (5.31). Therefore, 
h := x^^S{xL)g G Gii(^) is a grouplike element in the coset (/G^(A) because Il^{h) = 1. 

Conversely, if /i is a grouplike element in the coset gG^{A) C Gfi{A) then /i = 
XLS{x2^)g for some G A^ due to Corollary 5.6. Therefore, using (5.31) 

1 = n^(/i) = XLgS{g)S''{xi') = XLgtLg-Hi'S\xi') = XLgtLg'^xiHiK (5.32) 

For the second statement of the proposition first we note that the inclusion gG"^ {A) C 
gG'^{A) for g G G{A) induces the inclusion G{A)/G^{A) C Gr{A)/G'^{A) of the factor 
groups. To show that this inclusion is proper in general an example will suffice. 

Let the WHA A over the rational field Q be given as follows. Let A^ be a full matrix 
algebra M^(Q(-\/2)), m > 1, where Q(-\/2) denotes the (separable) field extension of Q 
by \/2. Let the counit e as a non-degenerate index 1 functional on the separable algebra 
A^ be given with the help of the reduced trace: e{-) :— tr (-t^), where E A^ satisfying 
tr (t"^) = 1. Let be the WHA of the form A^®A^°p =: A^®A^ given in the Appendix 
of [2]. Let A as an algebra over Q be given by the crossed product A := ^^xiZ2, where 
Z2 = {e, g} is the cyclic group of order two and the action of the non-trivial element 
5f G Z2 on A^ (A^) is the outer automorphism that changes the sign of the central element 
zl = ■ 1 of A^ {zr = \p2 ■ 1 G A^). Now it is a straightforward calculation that one 
extends the WHA structure of A^ to A := A^xZ2 by defining 

e{g''x) := e{x), 

A{g^x):=ig^^g^)A{x), (5.33) 
S{g^x) := S{x)tLg''tl\ 

where x G and n = 0, 1. 

Due to Corollary 5.2 g E A becomes a right grouplike element for any possible choice 
of tL, i.e. G ii{A) / G'j^{A) ~ Z2. However, if tL E A^ is such that the prescribed outer 
automorphism on A^ induced by g is not inner on tL, that is (5.29) is not fulfilled, there 
is no grouplike element in the coset gG'fi^{A) C Gr{A); thus, G{A)/G'^{A) ~ {e}. ■ 



33 



Corollary 5.9 G r{A) / C^j^iA) = G{A)/G^{A) if A^ is central simple or if Sf^r. = id\A^. 
In the latter case even Gji/l{A) = G{A) holds. 

Proof. If A^ is central simple (5.29) is fulfilled by definition. In the other case tL is 
central in A^, G^(^) = G'^{A) and (5.29) reads as gtLg~^ = tL,g E Gb{A). Due to 
(5.31) S{g)g = tLg~^tJ^^ g, and it is a central element in A^. Therefore, 1 = II^(5f) = 
S'(l(i))5(^)^l(2) = S{g)g due to (5.1-2a), which proves the claim. ■ 

6. Distinguished (left /right) grouplike elements, Radford formula and the 
order of the antipode 

After defining distinguished (left /right) grouplike elements and deriving some basic 
properties of them we prove the generalization of the Radford formula: the fourth power 

of the antipode in a WHA can be expressed in terms of distinguished left (right) grouplike 
elements like in the finite dimensional Hopf case [15]. Using this result we derive a finiteness 
type claim about the order of the antipode in a WHA and prove that the double of a WHA 
is unimodular. 

We note that the Radford formula was proved in [13] for WHAs in the case when the 
square of the antipode is the identity mapping on A^.^ For such WHAs the sets of various 
grouplike elements coincide, see Corollary 5.9. 

Before turning to the definition of (left/right) distinguished grouplike elements in a 
WHA let us examine the connection between integrals in dual pairs A, A of WHAs. 

The pair (l,X) e x 1^ C ^ x ^ {{r, p) e x 1^) is called a dual pair of left 
(right) integrals if they are non-degenerate and if they obey one of the equivalent relations 
/^A = l,A-^/ = l(r^p = l,p^r = l). Due to Theorem 4.1 such pairs exist 
in any dual pair of WHAs. (y^/^,*) is an invertible A-module due to Corollary 3.5 and 
Prop. 5.4 i). Since this module is the right conjugate of the module due to Corollary 
3.4, is also an invertible left ^-module due to (5.7-8b). Hence, it is a free rank one 
left A'^'Z-^-module due to Prop. 5.4 i). An element r is a free A^ (A^) generator in 
iff r is a non-degenerate right integral, thus non-degenerate right integrals r, r' E are 
related by an element xl E A^ {xr E A^): r' = xlt (r' = x^r). The corresponding 
statement holds for non-degenerate right integrals in by duality. Hence dual pairs of 
right integrals, (ri,pi) and (r2,p2), are related by a 'common' invertible element xl E A^^ 

{XR E A^y. 

(r2,P2) = {xLTu (i ^ xl^)Pi) = {xRn, iS~'^{x^^) i)pi). (6.1) 

^ For WHAs based on certain separable, but not strongly separable [9] algebra A^ the 
property 'S'j^^^, ^ id^A^j i-^- the non-triviality of the Nakayama automorphism correspond- 
ing to the counit as a non-degenerate functional s:A^ — > k, is not only a possibility, 
but the only possibility because e should be an index 1 functional on A^. For example, if 
A^ = M2(Z2), that is a two by two matrix algebra over the finite field Z2, the reduced trace 
tr on A^ is non-degenerate but it has index 0. The two non-degenerate index 1 functional 

on A^ have the form tr (• tj,) with tf^^ ~ ( 1 n ) ^^ad to S?^^^ — Adt^ 7^ id^A'-- 



34 



Let us consider the element sr := p ^ r & A constructed from the elements of a dual 
pair (r, p) of right integrals. Since r is a non-degenerate functional on A and since p is 
a free A^/^-gcnerator of the left A-module s_r becomes a free left A^/^-generator 

of the cyclic left A-module {A sr, -^), i.e. it is an invertible A-submodule in {A, -^). 
Moreover, using (1.8) 

n«M := n^(p - r) = n^(rW)(r(^),p) = l(^)(rl(^),p) 

= 1^(1(2), p-r) = lW(l(2),i) = l, ■ 

that is Sji is a right grouplike element in A due to Lemma 5.5 i). If {ri,pi);i = 1,2 are 
dual pairs of right integrals the corresponding right grouplike elements differ by a right 
grouplike element in A'^ due to (6.1), (1.5-6) and Corollary 5.6: 

P2^r2 = {i^xl^)pi^XLri = XLS{xl^){pi^ri), xl&A^. (6.3) 

However, it is not known to us whether the coset G'^{A)sb. in Gb.{A) is special enough 
in order to contain always a grouplike element. But we note that if := p — ^ r is 
grouplike, i.e. II^{sr) — 1 also holds, then an := r ^ p E G{A) already follows: by 
duality an is a free A^/^-generator in the cyclic left A-module {A an, ^) with the 
property 11^ {a r) — 1 and 



U'^iaR) := n^(r - p) = n^(pW)(p(2), r) = ^(i(i))(i(2)p, r) 

= 5(n^(p - r) - i) =: ^(n^(sfl) - i) = ^(1 - ] 



(6.4) 



that is aR is grouplikc by Lemma 5.5 i). 

Similarly, a dual pair (/, A) of left integrals leads to left grouplike elements: Sl := I ^ 
A G Gl{A) and cti, := A ^ / G Gl{A). sl is grouplike iff cjl is grouplike, because II^{sl) 
and n^(cri) obey a relation analogous to (6.4): 



n^(sz.) = s{i - n^(az.)) = 5(1 - (71,) = n«(i - aL). (6.5) 

These considerations lead to the following 

Definition 6.1 Let (/, A) ((r, p) ) be dual pair of left (right) integrals in a dual pair A, A 
of WHAs. The elements sl :— I X and aL '■= X I (sr :— p ^ r and aR :— r ^ p) are 
called distinguished left (right) grouplike elements in A and A, respectively. 

A dual pair of left (right ) integrals is called a distinguished pair of left (right) integrals if 
Sl (sr) is not only left (right) grouplike but also grouplike. In this case sl (sr) is called 
distinguished grouplike element. 

Let us introduce some notations we use in the forthcoming Lemma. Using properties 
(5.1-2) it is easy to see that a left/right grouplike element 'Jl/r G Gl/r{A) gives rise to a 

projection Ily[f^: A — > A^^^ by defining 

U^^{a):=U'^{^L^a), n^^(a) := n^(a - 7^?), a e A. (6.6) 
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The invertible right /left ^-module structures of left/right integrals in A can be made 
explicit by using these projections and distinguished left/right grouplike elements (Tl/ji 
connected to the dual pair A) / (r, p) of left/right integrals: 

la = lU^, -iJa), ar = U^, -iJa)r, a e A. (6.7) 

For example, the first relation can be proved by using (5.1-2b), (1.6) and the non- 
degeneracy of A: 

X^la = aL^a = {S{(7Z^)i^^\a)aLi^''^ = a^l ^ n^(a ^ S{(7Z^))) 
= aL^ U^ia - S{al')) = A - raf(^-i)(a). 

Lemma 6.2 Let Ch '■= AbA G A be the cyclic ideal with the generator b = b{'y,5) G 
A characterized by a left and a right grouplike element 7 e Gl{A) and 6 e Gr{A), 
respectively, through the property 

a6c = n^(a)6nf (c), a,ceA, (6.8) 

where the projections H:^ and II f are defined in (6.6). The left /right Sweedler actions 

by left/right grouplike elements in A provide isomorphisms between such types of cyclic 
ideals as (possibly non-unital) rings. The image b of the generator b = b{j,S) obeys the 
characterization property 

h^b^Pn^-.b^ b{S{PR)^/3^\ /3^'6S{/3l)), Pl/r e Gl/r{A). (6.9) 

Proof. First, we note that the set of such cyclic ideals is non-empty: / G from a dual 
pair (/, A) of left integrals is a generator with characterization property / = /(i,5'(a^^)) 
due to (1.9) and (6.7), where cr^ := i ^ A is the corresponding distinguished left grouplike 
element. 

Since left (right) Sweedler actions by left (right) grouplike elements in A provide 
algebra automorphisms of A, the isomorphism of the corresponding cyclic ideals as rings 
follows. The only open question is the characterization property (6.9) of the image b of the 
generator b = 6(7, 5). Using properties (6.1-2b) of left grouplike elements, characterization 
property (6.8) of the generator 6, coproduct properties (1.4) of elements in A^/^ and 
properties (1.7) of the projections H^/^ and 11^/^, one derives 

a(/?L ^b) = PL^ ^ a)b = Pl^ n^(/?z' ^ = n^(/5Z' ^ (^)iPL ^ b) 

=: n^(7 - iPZ' ^ ^Wl ^b) = U^^.,ia)iPL ^ b), (6.10a) 

{pL ^ b)c = Pl- biPz' -c)=h-^ bUfip-' - c) 

= (/3l - b){PL ^ UfWl' - c)) = (Pl ^ b)l^'H(3L,Ilf{f3Z' ^ c)l(2)) 
- {Pl - 6)i(i)(i(i)/3i. ® n«(/3-i - c - 5) ® 1(2)) 
= (Pl ^ 6)i(i)(n«(i(i)/3L) ® n^(i(2)/3i), - c - 5 ® i^^)) 
= (Pl - b)i^^\s{PL)i^''^PL ® i('\/3z' ^c^S0 1(2)) 

= (Pl &)l(^)(A(i), c - 5SiPL)) ® l(')) = (Pl ^ b)l^'h{{c - 5S{Pl))1^^^) 
= (Pl - 6)n«(c - SS{Pl)) = {Pl ^ b)Il%^^^^{c). (6.106) 
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The change of the characterization property of the generator b due to right Sweedler actions 
b ^ e Gji{^A) can be proved similarly. ■ 

Corollary 6.3 Distinguished left grouplike elements in A fall into a central element of 
the factor group Gl{A)/G'j^{A). There exists a two-sided non-degenerate integral in A iff 
distinguished left grouplike elements in A fall into the unit element of this factor group. 

Proof. For any /3 G Gl{A) the map Bp{a) := (3 ^ a ^ S~^{P),a G A defines an algebra 
automorphism of A, which maps the space of left integrals into itself due to the previous 
Lemma. The image / := Bp{l) of a non-degenerate left integral / = /(l, S{a^^)) is a non- 
degenerate left integral having the characterization property / = /(l, S~^{/3~^)S{a2^)S{/3)) 
due to (6.9). Hence, the distinguished left grouplike element ctl corresponding to I is given 

by 

aL = S-\/3)aL/3-' =■ ^/3cjl/3-\ S-\(3)(3-' =■ V = S-\ipl^)^L e G^i), (6.11) 

with v?!, = S~^{Il^{(5~^)) G due to the form (5.2b) ofn^(/3"^). However, distinguished 
left grouplike elements differ by elements in G'^{A), in analogy with the case (6.3) of 
distinguished right grouplike elements. Hence, for the G'^{A)-coseis (6.11) implies the 
relation [cr^] = [ul] = Mf/^lfc^Llf/^]""^ = that is [ctl] is central in the factor 

group Gl{A)/GI{A). 

If the non-degenerate left integral / G is also a right integral then we have the 
relation H^, _i, = H-^ due to (6.7) and (1.9). Hence, ctl = 1 since 

(i, a) = (i, n«(a)) = (i, n|^_,^(a)) = (i, a - S{a^')) = {S{a^'),a), a e A, 

using (6.6) and (1.7). Conversely, if [ctl] is the unit element of the factor group then there 
exists a dual pair (/, A) of left integrals with distinguished left grouplike element ctl = 1 
due to a relation analogous with (6.3). Therefore, Hf _i = H-^ and (6.7) implies that I 

is a (non-degenerate) two-sided integral. ■ 

Theorem 6.4 Let A, A be a dual pair of WHAs and let (sl, cl) be the pair of distinguished 
left grouplike elements corresponding to a dual pair {l,X) of left integrals in A x A. The 
Nakayama automorphism 9\ := R^^ o Lx:A A corresponding to the non-degenerate 
functional X: A ^ k can be written as 

ex{a) = al^ ^S^{a) = sl^S-^{a)sL^S-'^{(TL), a e A. (6.12) 

The fourth power of the antipode S of A can be written as: 

S^{a)^aL^sl\sL^S-\aL), a e A. (6.13) 

The order of the antipode is finite up to an inner automorphism by a grouplike element in 
the trivial subalgebra A^ . 
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Proof. In the sufficiency proof of Theorem 4.1 we have seen that the antipode and its inverse 
can be given with the help of pairs of non-degenerate integrals l/r e A/p e /^/^ 



S{a) = {Rio Lx){a) := {X^ a) ^l, A^/ = l,/^A = i, (6.14a) 

S-^{a) = {LioLp){a):=l--{p^a), l^p = l,l^p = i (6.146) 

S~^{a) = {RroRx){a):={a-^\)^r, A^r = i,A-^r = l, (6.14c) 

S{a) = {LroRp){a):=r^{a^ p), r^p=l,p^r = i. (6.14d) 

Choosing a dual pair (/, A) of left integrals, we rewrite the antipode relations (6.14b-d) in 
terms of {l,X) and the corresponding pair (s,cr) = {sL,aL) of distinguished left grouplike 
elements. We note that the second relations between the members of integral pairs given 
in (6.14a-d) are consequences of the first ones (see the proof of Theorem 4.1), hence, it is 
enough to ensure only these ones. 

For (6.14b) the new member of the required pair (/,p) of integrals is given by p := 
S~^{X) = (A ^ s)Il^{a)~^. Indeed, p is a non-degenerate right integral and A = S{p) = 
{I p) ^ X implies the relation Z ^ p = 1 due to injectivity of Rx. Moreover, using 
property (1.16) of left integrals 

(A ^ s)U^{a)-^ := (A ^ (/ - A))n^(a)-^ = {XX^^\l)X^^^U^{a)-^ 

= {X^^\l)S-\X)X'^^^U^{a)-^ = S-^{X)aU^{a)-^ (6.15) 
= S-\X)U^{a)tl^{a)-^ = S-\X) = p. 

Hence, interchanging the role of A and A, the new member of integrals for (6.14c) is given 
by r := S~^{1) — {I ^ a)Il^{s)~^ . For (6.14d) the pair is given by (r := S~^{l),p := 
S{X) = s — ^ A), because p = S{X) = (Z^A)^A = s— ^A and r = S~^{1) are non- 
degenerate right integrals and r p = S~^{1) ^ S{X) = S~^{X — ^ Z) = 1. Therefore, we 
can rewrite (6.14b and c) as 

S-\a) = 1 ^ [p^ a) =1 ^ {{X^ s)n^(a)-^ ^ a) = / ^ (A ^ sa)tl^{a)-^ 

= [1^{X^ sa)]{l - n^(a)-i) = {Li o Lx){sa){l - n^(cT)-^), (6.166) 
S-\a ^ a) = S-\a) ^ S{a) = ((a A) r) ^ S{a) 

= (a - A) (/ - a)U^{s)-^ ^ S{a) = (a - A) - (/ - aS{a))U%)-^ 
= (a - A) - (/ ^ n^(a-^)-^)n^(s)-^ 

= (a ^ A) ^ /(I ^ n«((T-i)-i)n^(s)-i 

= (a ^ A) ^ /n«((l ^ aS{a)) ^ S{a-^))U^{s)-^ 

= (a ^ A) ^ /n^(l ^ C7)U%)-^ = (a - A) ^ lU^{s)U^{s)-^ 

= {a^ X) ^ I ^ {Rio Rx){a), (6.16c) 

using relations (1.4) and (1.6) for elements in A^, the identity aS{a) = I[^{a~^)~^ follow- 
ing from (5.2b), the right ^-module property (6.7) of left integrals and the relation (6.5). 
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Finally, using property (1.16) of left integrals, (6.14d) can be rewritten as 

S{a) = r ^ {a-- p) = {l ^ a)Ii^{s)-^ ^ {a ^ {s ^ A)) 

= [{I ^ (t) - {as \)]Ii^{s)-^ = [l^ a\^^\\^''\as)]Ii^{sy 

= [l^ \^^\S-\a)\^''\ as)]Ii\s)-^ = [l^ {{as ^ S-^{a)) ^ A)]n«(s)-i 

= {Li o Rx){as ^ S-^{a))Ii^{s)-^. (6.16c/) 

Therefore using (6.14a), (6.16b-d), the algebra isomorphism property of the map kr given 
in (1.5), the relation (6.5) and the form (5.2b) of n^(s) we get 

{Ri o Lx){a) = S{a) = S-\a - (a"! - S\a))) = {Ri o Rx){a-' - S\a)),{6.17a) 
{Li o Lx){a) = S-\s-^a){l ^ fl^{a)) = S-\U^{s)s-^a) = S-\a)s 

= S[s-^S-^{a)]U^{s) = {Li o Rx){s-^S-^{a)s ^ S'^a)). (6.176) 

Due to injectivity of Ri and Li (6.17a and b) lead to connections between Rx and Lx that 
imply (6.12). The equality of these two different forms of the Nakayama automorphism 6x 
gives rise to the Radford formula (6.13). 

Since left (right) Sweedler actions by left (right) grouplike elements are algebra auto- 
morphisms, iterating the Radford formula m times one arrives at 

= S^--{s-^) . . . S^{s-^){a'^ - a - S-\a'^))S^{s) . . . S^'^{s), a e A. (6.18) 

For g e Gl{A) the relation S^{g) = S{U^{g-^)-^)U^{g-^)g G Gl{A)g holds due to (5.2b) 
and Corollary 5.6. Hence, S'^'^{g) G G^{A)g is for any integer n. Since the factor group 
Gl{A)/G'^{A) is finite due to Prop. 5.7, there exists an integer m and x = S{xii)x^^ e 
G'^{A), (p = S{(Pr)(p^^ e G^iA) with xr e Af-, ipR e Af- such that (6.18) reads as 

S^'^{a) = x-\ip ^ a ^ S-\ip))x 

= x-\S{^r) - 1)(1 - S-\ip^'))a{^],' - 1)(1 - ^r)x 

= x-'S-\l - ^r){1 - ipR')aS-\l - ^-'){1 - ^r)x (6.19) 

= x-^S-\l - ipR){l - ipR)-^aS-\l - Pr)-\1 ^ Pr)x 

= S{yR'^)yRaS{yR)y^^, aeA 

where we used the identities (1.6) and the notation yR := xrS~^{1 ^ (Pr) G A^. Due to 
(6.19) 5^"^ is an inner algebra automorphism of A by an element y := S{yR)y'^ E G^{A). 
However, S"^"^ is also a coalgebra automorphism of A, which requires y to be a grouplike 
element. Indeed, using the coproduct property (1.4) and separability identities (1.12) for 
A^ and A^, one derives the relation 

A(a) = {S{yR) ® y],')A{S{y],')yRaS{yR)y],'){S{y^') y^) 
- {S{yR) ® y],')A{S^^{a)){S{y],') ® y^) 

= {S{yR)®y^'){S^^®S'^){A{a)){S{y^')®yR) (6.20) 
= {yR <H) S{y^^))A{a){y^^ S{yR)) = {yRS^{y^^) l)A{a){yRy^^ 1) 
= {yRS'^{y^^)^l)A{a), aeA, 
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which leads to the equahty 1 = yjiS^{y^^) by applying the counit to the second tensor 
factor. Hence, y = S{yf>)y'^^ is not only in Gj[{A) but also in G'^{A) due to Corollary 5.6, 
which together with (6.19) proves the last claim in the theorem. ■ 

The Radford formula [15] was used in [16] to prove unimodularity of the Drinfeld 
double V{H) of a Hopf algebra H. In the case of the double V{A) of a WHA A [3] the 
same result holds: 

Corollary 6.5 The double 'C>[A) of a WHA A is unimodular, i.e. there exists a non- 
degenerate two-sided integral in T>{A). Namely, if {I, A) is a dual pair of left integrals in 
A X A then V{1 ® S{\)) is a two-sided non-degenerate integral in 'D{A). 

Proof. The double T){A) of a WHA A [3] is the /c-linear space of the tensor product of A 
and A over the subalgebras A^ ~ A^ and A^ ~ A^ 

V{A) 3 V{axLXR0ip) = V{a®{xL ^ i)(i ^ xr)^), a G A, G A,Xl/r G A^/^ 

(6.21) 

together with the WHA structure maps 

V{a ® i^)V{h ® V) := 2^(a6(') ® v'^^V)(a^'\ 

ev{V{a (g) V?)) := e{a{ip 1)) = ^((i ^ a)ip), 

S-D{V{a (g) ^)) := V{1 ® S-\(p))V{S{a) (8) i). 

Let (/, A) be a dual pair of left integrals in A x A with the corresponding pair (s, a) = 
{sl-iCTl) of distinguished left grouplike elements. The expression (6.12) of the Nakayama 
automorphism 9i corresponding to I implies that A°'p(1) = l^^^ S'^(l^'^^s2^)- Hence, using 
properties (5.1-2b) of a left grouplike element 

Z(2)®/(3),-l^-l(/(l)) ^ /(I) ^ /(2),-l5(/(3),-l) ^ /(I) ^ /(2)l(l)5-l5(s-l)^(l(2))5(/(3)) 

= ® l^^^U^{s-^)S{l^^^) = ® H^(Z(2)). (6.23) 
Moreover, the first relation in (6.7) implies that for A G and (p e A 

^S{X) ^ S{XU^^^.,^{S-\^))) = {S ofl^ o S-'){s-' ^ ^)S{X) ^U^.,{^)S{X), (6.24) 

where we used (1.10) in the third equality. The relations (6.23-24) and the properties 
(6.21-22) of V{A) together with the identities (1.6) and (1.11) lead to 

V{a ® ip)V{l ® ^(A)) := V{al^^^ ® <p^^^ S{X)){1^^\ S-\<p^^^)){l^^\ ^^^^) 

= p(a;(2)(n^(<^(2)) ^ 1) ^ s{X)){i^^\ yp(i))(s-i5-i(/W), 

= P(a(n''(vp(^)) - /(2)) ® ^(A))(/(3), ^W)(.-i5-i(/W), v^(3)) 

= P(aZ(2)0^(A))(Z(3),n''((^(2)yi)^^^-i^-i(;(i))^^(3)^ (g_25) 
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= P(aZ(2) ^ ^(A))(z(3)s-i5-i(Z(i)), ^p) 

= V{al^^^ ® ,S(A))(n^(Z(2)), = P(a(n^((/p) ^ -^(A)) 

= P(a5(n^((^) ^ 1)1 (8) ^(A)) = P(a(l ^ ^-\n^((^)))Z ® ^(A)) 

= D(n^(a(i ^ n^(y?)))/ ® s{x)) = p(n^(a(i ^ n^(¥?))) ® ® s'(a)) 

= n^(D(a® (/?))!?(/ ®S'(A)), aeA,(peA, 

that is ©(/ (8> >S'(A)) is a left integral in 'D{A). A similar computation shows that it is also 
a right integral. 

Now, we prove that V{1 S{X)) is a non-degenerate functional on the dual 'D{A) of 
T){A). The WHA 'D{A) [3] is the /c-linear space of the tensor product of A and A over the 
subalgebras A^ ~ A^ and A^ ~ A^ 

T){A) 3 T){(p ® XLaS-^XR)) = T){S-'^{i ^ xr)(p{xl ^ i) (8 a), (6.26) 

where </? G A, a G A, a;^//^ G A^^^. The WHA structure maps of T>{A) are transposed to 
that of T>{A) with respect to the non-degenerate pairing 

{'D{^^a),V{b^'il;)) := {^^a.P^b^ij)) = {P{^^a),b®'ilj), a,b e A, i^^ij; e A, (6.27) 

where P: A A ^ A A and P: A0 A ^ A<^ A are /c-linear projections given with the 
help of separating idempotents of A^ and A^ 

p{b V) := 6i(^)5(i(^')) (i(^') - i)(i - 5(i(2)))V', 

P((^ ® a) := (l(i') - i)<^(l(') - i) (8 l(2)al(2'). 

Clearly, P(A 8) A) and I^(A) (-P(A (8> A) and £'(A)) are isomorphic /c-linear spaces and 
V{P{b (g) = V{b ® -0) (^(^(V ® a)) = ^(v' ® «)) also holds due to (6.21) (or (6.26)). 
Since T>{A) is finite dimensional, the two-sided integral T>{l<SiS{X)) is non-degenerate if the 
/c-linear map R^^i^§^^-jy.T>{A) — > T>{A) is injective, that is if = T>{(p (8) a) ^ 'D{1 (8) 'S'(A)) 

implies = T^if 8) a). Using the mentioned isomorphisms of the /c-linear spaces, the 
definition (6.28) of the projection P, the form of the coproduct in 'D{A) and the identity 
(i ^ H^^^_^^(5'(l(^))))n^_i(l*^^^ ^ i) = i we prove later on one computes 

P(/(^) S{X)^^^){V{cp a),P(/(2) ® S{X)^^^)) := 

:= l^^h^^^Sil^^'^) (l(2') ^ i)(i ^ 5(l(2)))S'(A)(2)(P((^ ® a), P(/(2) (8 S'(A)(^))) 

= /(^)5(l(^')) ® (1^2') ^ i)^(A)(2)(P((/? a),I?(Z(2)5(l(^)) ® ^(i - 5(l(2)))^(A)(^))) 
= /W5(l(i')) ® (1(2') - i)^(A)(2) {V{ip ® a), D(/(2)s'(lW)l(2) ® ^(A) W)) 
= [/5(1«)]W [(1^2) ^ i)^(A)](2)(:D(<^0a),D([/S'(lW)](2) ® [(1(2) ^ i)^(A)]W)) 
= /W®^(A)(2)(P(yp®a),I?(/(2)nf^^_,^(^(l«))®nf_i(l(2) ^i)S'(A)(i))) 

= /W ® ^(A)(2)(:d(<^® a),p(/(2) ® (i - Hf^^_,^(5(iW)))n^_i(i(2) - i)^(A)(^))) 

= /(^) ® 5(A)(2) (P(v? ^ a),P(/(2) ® ^(A)(i))) 

= /(^) 5(A)(2) (P(^ ^ ^(2) ^ 5(A)(^)) = {Ri L^(;^))(P((^ a)), (6.29) 
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where we used (1.16) in the second equality, (1.4) in the fourth and (6.7) and (1.10) in the 
fifth one. The A;-linear map Ri<SiLg^-^y A^A AiS)A is injective due to the non-degeneracy 

of the integrals / and A. Hence, (6.29) implies that -P(</7 ® a), or equivalently 'D{if ® a), 
should be zero if the left hand side of (6.29), or equivalently !?((/? ^ a) ^ T>(1 ® S{X)), is 
zero. Finally, the proof of the identity we used in (6.29) is as follows: 

(i - nf(^_,^(5(i(^))))fif_.(i(^) - i) = (i - n«(5(iW) - s{a-'m^{s-'i^'^ - i) 
= (i - s{S{i^^^) - 5(a-i)))S'(i(i))(s-ii(2), 
= ^(i«)(s-4(2), ^ (^-1 ^ 52(1(1))))) 
= ^(i(i))(s-ii(2), - (a-1 - s'{i^'^))) 

= 5(i(i))((a-i - 52(iW)).-ii(2), = ^(iW)(52^i(i))(a - s-'i^^^), i(2)a-i) 

= S{a-H('^a){SHl^'McT - s-4(2)), ^-i(a)i(2)) 

= S{a-H('^a){S\l^'^){a - 5-^1(2)55-1 - ^-^(a)), i^^)) 

= ^(a-li(l)^)(52(i(l))^4(i(2))^4(^-l)^ £(2)^ 

= >S((7-4(l)a)(n^(52(l(l))5^(l(2))54(s-l)), i(2)) 

= S{a-'i^'^a){S\l^'^)S\l^'^), i(2)) = ^(a-iiWa)(l, i^^)) = i, 

where we used (1.10) in the second equality, (1.12) and the anticoalgebra map property of 
the antipode in the third one, algebra automorphism properties of Sweedler actions by left 
grouplike elements in the sixth, (5.1-2b) in the seventh and twelfth, the Radford formula 
in the tenth and (1.7) in the eleventh equality. ■ 

Appendix A 

Here we give examples of finite dimensional WHAs of A = A^ (E) A^ = B ^ B°p type, 
where i? is a separable /c-algebra equipped with a non-degenerate functional E: B ^ k of 
index 1 (see Appendix of [2]), having antipode of infinite order. 

Let B = M„(R), i.e. a full matrix algebra over the real field, and let tr: S ^ R 
denote the trace functional with tr(l) = n. Any invertible element t & B with tr(t-i) = 1 
defines a non-degenerate functional E: B ^ Ti hy 

E{x) := tr(ta;), x e B, (A.l) 

which has index 1. Indeed, if {cab} is a set of matrix units then {ei}i = {t~^eab}{a,b) ^md 
{fi}i = {eba}{a,b) are dual R-bases of B with respect to E, E{eifj) = Sij, and the index 
of E is 

Ind£; :=Y,fi^i = ^eba^-'eab = tr(t-i)^e66 = 1- (A2) 

i a,b b 

The Nakayama automorphism 9 of E defined by E{xy) =: E{y9{x)); x,y & B is inner, 

e{x) = txt-'^, xeB {A.3) 
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due to the form (A.l) of E. We can construct the WHA B ® B^'p [2]: it is the R-hnear 
space B ® B with structure maps 

{xi ® X2){yi 2/2) := xiyi y2X2, 

A{xi (g) X2) := (8) fi) (8) (ci (g) X2), 

(AA) 

e{xi (8) X2) := E{xiX2), 
S{xi (8) 0:2) := X2 (8) 0(a;i). 

Clearly, S"^ ~ 9®9, therefore the form (A. 3) of the Nakayama automorphism 9 shows that 
the order of the antipodc S is finite iff G Center B for a certain positive integer m. 
However, this is not the case for a generic invertible t E B = M^(R) with tr{t~^). 

Although the order of the antipode is not finite in the generic case, already is an 
inner automorphism by a grouplike element in the trivial subalgebra A^, which, in this 
case, is equal to A itself. Indeed 

S^{x (8) 2/) = 9{x) (8) 9{y) ^{t® t~^){x ® y){t~^ ® t), {A.5) 

and t^t-'^ = (t (8 l)S{t-^ ® 1) with t®l = (8 1) G A^. Therefore t ® t"^ is a 
grouplike element in the trivial subalgebra A"^ by Corollary 5.6. 

Appendix B 

Here we give the generalization of the cyclic module [4] for weak Hopf algebras 

having a modular pair {a, s) in involution. The details will be published elsewhere. 

Let A be a weak Hopf algebra. The pair {a, s) e G{A) x G{A) of grouplike elements 
is called a modular pair for A if 

They form a modular pair in involution if they implement the square of the antipode 

S^{a) = a^ sas-'^ ^a-'^, a e A. {B.2) 

Clearly, a modular pair (in involution) is a self-dual notion for WHAs. 

The identity (B.2) is a kind of square root of the Radford formula, hence, modular 
pairs in involution do not exist for arbitrary WHAs. However, there is a wide class of 
WHAs having such a pair. For example, in a weak Hopf C*-algebra A there is a canonical 
grouplike element g E A implementing 5'^ on A [2], hence (1,(7) is a modular pair in 
involution for A. Another example is as follows: let A be a WHA over k and let the WHA 
Ag := (A^, Gr{A)) be the sub WHA of A generated by the trivial sub WHA A'^ and by 
(a subgroup of) the right grouplike elements Gr{A) in A. Then (l,t) with t G G^{A) 
defined in (5.31) is a modular pair in involution for Aq, because t implements 5^ for A"^ 
and Gr{A) due to (5.31). 
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Proposition Let A be a WHA over the field k and (cr, s) G G{A) x G{A) he a modular 
pair in involution. Let the cochains ^^-^{A), n > be dehned by the n-fold product of 
the left regular module a A, i.e. the k-iinear spaces 



Cl,s)iA) := A' 



CJ^^^^^iA) -.^ Ax Ax ...X A = A"-^(l) ■ (A ® A ® . 
The face operators S^'^^ : C^^'J^iA) CJ^^^^^{A), < i < n are 
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{B.3) 

















■■= xls, 
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1 
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tiie degeneracy operators crl^^: C'^J~^s^{A) C^^ s)(^)' < i < n are 



cr-"''*(ai (8) . . . (g) On+l) 



:=n^(a), 

:= ai (8) . . . (8) n^(aj+i)ai+2 (8) • • • <8) On+i) < z < n, < n, 
:= ai (8) . . . (8) an_i (8) n-^(an+i)an, < n, 



and the cyclic operators T(^n)'- C'^a s)(^) ~^ ^{a s)(^) given bj 

T(o)(a;L) := XL, 
T(n) (ai (8) . . . (8) On) := A('"-^) {S{ai ^ cr)) • (02 ® . . . ® 8 



s), n > 1. 



(S.5) 



(S.6) 



Witi tie dehnitions (B.3-6) = {C^*^ s)(^))«^>o becomes a A-module, where A is tie 

cyclic category. 
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